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ABSTRACT 
F i r s t l y , t h e n o t i o n of d u a l i t y i s i n t r o d u c e d and the 
g e n e r a l i z e d a m p l i t u d e g i v e n i n terms o f t h e Koba - N i e l s e n 
v a r i a b l e s . F u r t h e r m o r e , f r o m t h e p o i n t o f view of' wave-
f u n c t i o n s i t i s shown how t h e dynamical importance o f s p i n 
i m p l i e s an i n t e r n a l s t r u c t u r e o r extended d e s c r i p t i o n o f 
hadrons w h i c h may be l i n k e d w i t h d u a l i t y ( o r i n t e r n a l symmetry). 
Then, i n t h e f o l l o w i n g c h a p t e r , we f i r s t o f a l l d e s c r i b e 
how c e r t a i n m a t h e m a t i c a l c h a r a c t e r i s t i c s emerge as b e i n g 
d e s i r a b l e f o r a s t r o n g i n t e r a c t i o n t h e o r y and i n d i c a t e hcv: 
these appear i n v a r i o u s models, t h e r e l a t i o n s h i p s between 
whic h we a l s o e x p l a i n . I t t h e n appears t h a t t h e most s u i t -
s o l e language i n w h i c h t o d i s c u s s t h e s e p r o p e r t i e s i s t h a t 
o f t w o - d i m e n s i o n a l Riemann s u r f a c e s , which a r e most p r o m i n e n t 
i n t h e Analogue Model. 
Chapter I I I i n d i c a t e s how t h e s t r u c t u r e i n d u a l models 
may be s i m p l y d e r i v e d w i t h o u t an e x p l i c i t p h y s i c a l i n t e r -
p r e t a t i o n (as i n t h e f u n c t i o n a l i n t e g r a l f o r m a l i s m ) - Rsmcnd's 
Correspondence P r i n c i p l e . 
I n t h e f i n a l c h a p t e r we propose an approach w h i c h embodies 
t h e s u r f a c e d e s c r i p t i o n and t h e m a t h e m a t i c a l a t t r i b u t e s ment-
ioned above ( w i t h o u t a. t a c h y o n ) . F u r t h e r m o r e , i t amounts 
t o an extended d e s c r i p t i o n o f i n t e r a c t i n g hadrons, w h i c h , 
when r e c o n c i l e d w i t h Poincare i n v a r i a n c e , l e a d s t o the i n t e r n a l 
symmetry group o f t h e o r i g i n a l models. 
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K 1 
i n t r o d u c t i o n 
There are two languages i n terms o f which we may d i s c u s s 
e l e m e n t a r y i n t e r a c t i o n s - f i e l d t h e o r e t i c and t h e 3 - m a t r i x 
approach. Each of t h e s e i s i n v o l v e d i n t h e development 
d u a l t h e o r y . The purpose of t h e i n t r o d u c t i o n i s t o ex.... 
t h e r e l a t i o n s h i p between d u a l i t y and each o f these frameworks. 
1. S - m a t r i x 
1.1 D u a l i t y 
The idea o f d u a l i t y o r i g i n a t e d w i t h i n the c o n t e x t o f 
t h e S - m a t r i x . Now, t h e r e are two r e p r e s e n t a t i o n s of t h e 
S - m a t r i x , one of which t a k e s a s i m p l e f o r m a t low e n e r g i e s 
. • . . , 2,3 
ana t n e o t h e r a t n i g h e n e r g i e s . 
The f o r m e r i s d i r e c t l y r e l a t e d t o t h e presence o f resonance 
peaks i n e f f e c t i v e mass, c o r r e s p o n d i n g t o t h e f o r m a t i o n of 
p a r t i c l e s . These resonances, c h a r a c t e r i s e d by quantum numbers, 
f o r m a spectrum w i t h c e r t a i n r e g u l a r f e a t u r e s . 
a) p a r t i c l e s b e l o n g t o SU(3) m u l t i p l e t s o f t r i a l i t y z e r o . 
b) p a r t i c l e s , when p l o t t e d on a Chew - F r a u t s c h i diagram, 
l i e on s t r a i g h t l i n e s (Regge t r a j e c t o r i e s ) 
( a t l e a s t , t o a good a p p r o x i m a t i o n . ) 
The o t h e r r e p r e s e n t a t i o n o f the S - m a t r i x i s o b t a i n e d 
by c o n t i n u i n g t h e a m p l i t u d e i n t o the complex a n g u l a r momentum 
plane and assuming t h a t t h e s i n g u l a r i t i e s e ncountered are p o l e s 
i e . J = a + bm s p i n 
m mass 
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l y i n g on Regge t r a j e c t o r i e s . T h i s approach (Regge pole 
t h e o r y ) , u s i n g s n a l y t i c i t y and c r o s s i n g p r o p e r t i e s o f s c a t t e r i n g 
a m p l i t u d e s , e x h i b i t s a c l o s e c o n n e c t i o n between s c a t t e r i n g a t 
2 
r g i e s and t h e mass spectrum ( F i g . l ) hic;n ene 
in 
S- channel physical t > 0 t ~ c.Aonnt / r&qion 
b 
b -> do ou -> he 
F i g . l (4 - p o i n t f u n c t i o n ) 
Hence, we may f i n d (X ( s ) f o r 
a) 3 < 0 fr o m h i g h energy d a t a , 
b ) 3 y 0 from low energy data i e . masses, w i d t h s e t c . , 
•t 
w i t h t h e f o l l o w i n g r e s u l t s , 
i ) A l l t r a j e c t o r i e s a re a p p r o x i m a t e l y l i n e a r w i t h a corruon 
s l o p e c< ' ~~ 1 GeV"^, 
i i ) t r a j e c t o r i e s a r e exchange degenerate, 
i i i ) Im «. « Re , i e . narrow widths-, 
i e . we may ap p r o x i m a t e a t r a j e c t o r y by 
ot (s) - (o) + • 
(The pomeron t r a j e c t o r y m e r i t s s p e c i a l t r e a t m e n t , see l a t e r ) . 
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V/e t h e r e f o r e have f o r t h e S - c h a n n e l p h y s i c a l r e g i o n 
e i t h e r a sum over resonance p o l e s or a sum over Regge p o l e s . 
These two e x p r e s s i o n s are i n e o u i v a l e n t i f t h e sums are stopped 
a f t e r a f i n i t e number of terms; i e . we must have a n . I n f i n i t e 
number o f resonances and Regge p o l e s . I n o r d e r t o compare t h e 
two e x p r e s s i o n s we may use F i n i t e Energy Sum Rules (FESR's)"" * 
eg. ( f o r t h e f o u r - p o i n t case) 
where V = , ( S = 1 + i tJ 
km^ 
and s a t u r a t e ImT by resonance p o l e s . 
Hence, we have the scheme: 
i n p u t i s s - c h a n n e l mass spectrum 
o u t p u t c o n s i s t s of t r a j e c t o r i e s and r e s i d u e s o(.ty(-t)J (3ft (-t) J 
or v i c e v e r s a . 
i e . we have a FE3R b o o t s t r a p ^ - w i t h s - c h a n n e l resonances 
b u i l d i n g up t h e c r o s s - c h a n n e l Regge p o l e s . 
i e . * t Z ")—C - -^ X 
This i s the o r i g i n o f d u a l i t y . I n f a c t , ' i n an a p p r o x i m a t i o n 
o f t h e a m p l i t u d e by a meromorphic f u n c t i o n i e . r e q u i r i n g o n l y 
resonance p o l e s i n t h e r e a c t i o n c h a n n e l s , t h e n t h e a m p l i t u d e 
may be w r i t t e n e i t h e r as a sum over resonances i n the s - and 
u channels or as a sum over Regge po l e s i n t h e t - c h a n n e l , 
i e . over resonances i n the t - c h a n n e l . I f s i n g u l a r i t i e s 
o t h e r t h a n p o l e s are p r e s e n t t h e n d u a l i t y does not n e c e s s a r i l y 
f o l l o w . (The i n t e r f e r e n c e model has no c o n n e c t i o n between 
s - Sc t - channel t r a j e c t o r i e s ) . 
A s o e c i a l mention s h o u l d be made c o n c e r n i n g t h e Pomeron 
t r a j e c t o r y ( i n v e n t e d t o account f o r the a s y m p t o t i c b e h a v i o u r 
o f c r o s s s e c t i o n s ) . T h i s t r a j e c t o r y i s n o t n o r m a l l y i n c l u d e d 
i n the d u a l p i c t u r e - i e . i t i s not d u a l t o a sum o f s -
channel resonances. T h i s i s because 
a) t h e pomeron (vacuum quantum numbers) i s independent of 
s - channel quantum numbers i e . o f s - c h a n n e l resonance 
p o l e s . 
b) At h i g h e n e r g i e s the pomeron i s a s s o c i a t e d w i t h the 
p r o d u c t i o n o f l a r g e numbers o f p a r t i c l e s i e . i t i s a s s o c i a t e d 
w i t h c u t s . 
1.2 The Veneziano Model 
Venziano proposed an e x p l i c i t f o r m f o r A ( s , t ) , 
(4 - p o i n t a m p l i t u d e ) p o s s e s s i n g a n a l y t i c i t y , c r o s s i n g symmetry 
and d u a l i t y (so s a t i s f y i n g FESR's), which t o o k t h e f o r m 
(1.2.1) 
where 
A ( s , t ) has si m p l e p o l e s a t cX = n, f o r example, 
s 
(no double p o l e s ) , and i s a l s o Regge behaved. However, a 
fundamen t a l d e f e c t was t h e v i o l a t i o n o f u n i t a r i t y . 
D u a l i t y f o l l o w s f r o m 
w»,»j • Z ^  = Z ^ 
T h i s a m p l i t u d e has been compared w i t h e x p e r i m e n t a l c a t s 
5 
w i t h n o t u n f a v o u r a b l e r e s u l t s . For example i n h i s l e t t e r , 
Lovelace p o i n t s o u t t h a t t h e Venesiano a m p l i t u d e accounts 
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r e a s o n a b l y w e l l f o r t h e boson spectrum and some decay w i d t h s . 
He a l s o draws c e r t a i n correspondences between t h e p r e d i c t i o n s 
o f t h i s a m p l i t u d e and those o f c u r r e n t a l g e b r a . Indeed 
2 
K o i d a l o v suggests t h a t 5U(6) and 3U(3) may be o f d y n a m i c a l 
o r i g i n - i e . d e t e r m i n e d t o a l a r g e e x t e n t by t h e r e q u i r e m e n t 
o f d u a l i t y . Of r e l e v a n c e here i s t h e c o m p a t i b i l i t y o f d u a l i t y 
and SU(3) zero t r i a l i t y m u l t i p l e t s , as demonstrated i n d u a l i t y 
6 
diagrams. T h i s a p p a r e n t l y c l o s e r e l a t i o n t o quark i d e a s i s 
b r o u g h t out more c l e a r l y i n a f o r m u l a t i o n of t h e g e n e r a l i s e d 
7 
d u a l N - p o i n t • f u n c t i o n , i n which quark l i n e s a r e c o n v e n i e n t 
m a t h e m a t i c a l c o n s t r u c t s . L a t e r , i t w i l l be shown t h a t t h e 
most d i r e c t r e a l i z a t i o n o f t h i s s t a t e m e n t i s the Analogue Model, 
which serves as t h e s t a r t i n g p o i n t f o r t h e a u t h o r ' s c o n t r i b u t i o n . 
1.3 G e n e r a l i z a t i o n o f the Veneziano Amplitude. 
a) The e x t e n s i o n t o a f i v e p o i n t process was g i v e n by 
7 , 7 B o r d a k c i and Kuegg , a f t e r which Chan and Tsou Tsun proposed 
an N - p o i n t f o r m u l a . These a m p l i t u d e s were a n a l y t i c , c r o s s i n g 
symmetric, possessed Hegge a s y m p t o t i c b e h a v i o u r , and were " d u a l " . 
I n o r d e r t o d e f i n e what t h e y meant by d u a l i t y , Chan and Tsou 
Tsun i n t r o d u c e d , f o r each i'-land e l s tarn c h a n n e l , a c o n j u g a t e 









Now, each p a r t i t i o n o f ( 1 , ,M) d e f i n e s a Mandelstam 
channel: 
( j + 1 , ~ N , ! , — , i - 1) = ( i , j ) 
i 
p. eg. r\ ( i , i + 
e d e f i n e 
wnere 
X;, = - I - = - I - « l V <o) - (S„) 
i A )* 
'Then, two p a r t i t i o n s P = ( i j ) , and P = ( *- j J ) are 
d u a l t o each o t h e r i f 
ivow, t h e c o n j u g a t e v a r i a b l e s f o r two d u a l p a r t i t i o n s a r e 
n o t a l l o w e d t o v a n i s h s i m u l t a n e o u s l y ( t o p r e v e n t double 
c o u n t i n g ) . Hence, i t may be shown t h a t , i f Up i s t h e 
c o n j u g a t e v a r i a b l e t o P, 
over a l l P d u a l t o P. 
The number o f independent v a r i a b l e s i s t h e number o f 
v a r i a b l e s which may v a n i s h s i m u l t a n e o u s l y (N - 3 ) . I n 
o r d e r t o v i s u a l i z e d u a l and non-dual channels t h e f o l l o w i n g 
d iagram ( d u a l diagram) i s u s e f u l . 
w-l 
w-
Sach ch a n n e l may be r e p r e s e n t e d by a d i a g o n a l l i n e eg. 
i 
corresponds t o (, 
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Dual channels have i n t e r s e c t i n g d i a g o n a l s 
does n o t correspond t o a Feynrnarx 
diagram. 
b) Kobs - N i e l s e n v a r i a b l e s 
7 
Koba and i v i e l s e n found a m a t h e m a t i c a l l y p l e a s i n g 
s o l u t i o n t o t h e c o n j u g a t e v a r i a b l e s , which opened t h e door 
t o f u r t h e r p r o g r e s s i n t h i s f i e l d . To do so they c o n s i d e r e d 
t h e d u a l i t y diagrams o f H a r a r i - Rosner 0 - i e . they b u i l t 
i n t o t h e s o l u t i o n t h e n o t i o n o f quarks ( t h i s i s t h e f o r m u l a c i o n 
r e f e r r e d t o i n ( 1 . 2 ) ) . For, i f each quark l i n e i n t h e d u a l i t y 
diagram i s denoted by a s m a l l l e t t e r , i , say, ana i f t h e meson 
c o n t a i n i n g t h i s q u a r k i s r e p r e s e n t e d by I and t h e meson 
c o n t a i n i n g t h e a n t i q u a r k end o f t h e quark l i n e by I , t h e n a 
s o l u t i o n t o t h e c o n j u g a t e v a r i a b l e f o r t h e channel ( i j ) 
( i e . quark i and a n t i c u a r k j f o r m a resonance) i s g i v e n by 
th e anharmonic c r o s s - r a t i o 
p l a n e , c o r r e s p o n d i n g t o t h e meson c o n t a i n i n g t h e quark a. 
Then, t h e N _ p o i n t a m p l i t u d e ( c o r r e s p o n d i n g t o t h i s 
o r d e r i n g ) i s d e f i n e d as 
(1.3.1) 





77 means t h e p r o d u c t over a l l i , 
o m i t t i n g a,b,c. 
The c h o i c e o f 8 :i,b,C i s q u i t e a r b i t r a r y (because o f t h e 
i o r m o i c V „ N 
The reason f o r t h e o m i s s i o n o f t h e t r i p l e i n t e g r a l i s t h a t 
a Mobius t r a n s f o r m a t i o n 
maps t h e u n i t c i r c l e o n t o i t s e l f w h i l e p r e s e r v i n g t h e enharmonic 
c r o s s - r a t i o s . T h e r e f o r e , we have a t h r e e - f o l d degeneracy. 
Hence t h e i n t e g r a t i o n i s over N - 3 parameters o n l y . 
The f u l l a m p l i t u d e i s o b t a i n e d by summing over n o n - c y c l i c 
p e r m u t a t i o n s o f t h e e x t e r n a l momenta - t h i s " I s q u i t e d i f f e r e n t 
f r o m Feynman diagram r u l e s . 
Now t h a t d u a l i t y has been d e s c r i b e d and an N - p o i n t 
f u n c t i o n o b t a i n e d v i a quark i d e a s , we now go on t o c o n s i d e r 
some developments i n w a v e f u n c t i o n s r e l e v a n t t o d u a l models. 
2. F i e l d Theory. 
2.1 I n t e r n a l space 
The success of Regge p o l e t h e o r y i n v o l v e d t h e combination' 
of mass and s p i n i n t o one p i c t u r e - t h e Regge t r a j e c t o r y , t hus 
g i v i n g s p i n a dynamical r o l e as i m p o r t a n t as t h a t o f mass. 
Thi s l a t t e r p o i n t was suggested i n 1964 by L u r f a t i n 
c o n n e c t i o n w i t h f i e l d t h e o r y . T h e r e f o r e , j u s t as i n t h e case 
of mass, we should c o n s i d e r p a r t i c l e s " o f f s p i n s h e l l " i e . 
complex a n g u l a r momentum. He argued t h a t , t o r e s t r i c t o n e s e l f 
t o w e v e f u n c t i o n s d e f i n e d o n l y on Minkowski space i s t o f o r c e 
p a r t i c l e s t o have d e f i n i t e s p i n ( f o r f i n i t e representation..: o f 
(1.3-4) 
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t h e Poincare g r o u p ) . F o r , t h e r e s t r i c t i o n t o Minkowski 
sp-'jce a l l o w s o n l y p o i n t p a r t i c l e s i n t h e t h e o r y . Now, the 
p h y s i c a l i d e a o f a p o i n t p a r t i c l e i s t h a t o f a s n a i l body i n 
t h e l i m i t o f i t s dimensions d i s a p p e a r i n g . However, i n t a k i n g 
t h i s l i m i t we l o s e degrees of freedom - v i z r o t a t i o n a l degrees 
of freedom i n t h e c l a s s i c a l case. T h i s i s v a l i d o n l y i f we 
may assume t h a t t h e l a t t e r ( i e . s p i n ) p l a y a minor r o l e 
d y n a m i c a l l y , compared w i t h t h e t r a n s l a t i o n s I degrees of freedom 
( i . e . mass). ( P r o b a b l y t he success of Quantum E l e c t r o d y n a m i c s 
i s due t o t h e v a l i d i t y o f n e g l e c t i n g h i g h e r s p i n i e . 
t h e e l e c t r o n may be t r e a t e d as a p o i n t p a r t i c l e ) . 
T h e r e f o r e , i f we are t o assume s p i n d y n a m i c a l l y i m p o r t a n t 
we s h o u l d r e s t o r e t hese degrees o f freedom i e . the c o n f i g u r -
a t i o n space i s t h e f u l l P o incare group m a n i f o l d , i n t h e r e l a t -
i v i s t i c case. 
Even b e f o r e L u r e a t ' s paper, D. F i n k e l s t e i n (1955) 
c o n s i d e r e d t h e p o s s i b i l i t i e s o f a d d i n g i n t e r n a l degrees o f 
freedom t o p a r t i c l e s , w i t h i n t he framework o f quantum t h e o r y 
and s p e c i a l r e l a t i v i t y . He c h a r a c t e r i z e s a r i g i d body i n 
c l a s s i c a l p h y s i c s i n such a way as t o l e a d n . - t u r a l l y t o a 
s i m i l a r concept i n r e l a t i v i s t i c p h y s i c s , w h i c h i s t h a t t h e 
c o n f i g u r a t i o n space o f such an e n t i t y i s a homogeneous space 
o f t h e Poincare group. He t h e n c l a s s i f i e s a l l such p o s s i b l e 
spaces. (Proper subspaces o f the f u l l P o incare group m'-nifold 
c o r r e s p o n d t o symmetries i n t h e i n t e r n a l c o n f i g u r a t i o n spnee). 
More r e c e n t l y , bacry and K i h l b e r g " (1969) a l s o c o n s i d e r e d 
W r - v e f u n c t i o n s on homogeneous spaces, g i v i n g s p e c i a l a t t e n t i o n 
t o an 8 - d i m e n s i o n a l space. 
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I n -:n a t t e m p t t o combine mass and s p i n i n one e q u a t i o n 
Bacry and -'iuyts a l s o c o n s i d e r e d t h i s S - d i m e n s i o n a l homogeneoi 
space. u This space was formed f r o m i'iinkowski sp-jcc t o g e t h e r 
w i t h a two d i m e n s i o n a l complex s p i n o r space. Any p o i n t i n 
t h i s space may be w r i t t e n (x. j J J where X 6 i'iinkowski space, 
and £ - ^j'j . This p o i n t t r a n s f o r m s as f o l l o w s under t h e 
a c t i o n o f t h e r o i n c a r e group 
ta>*J (2.2.1) 
where A i s a 2 x 2 m a t r i x o f d e t e r m i n a n t one, 
a, X are 2 x 2 h e r m i t i a n m a t r i c e s . 
T h i s induces t h e r e p r e s e n t a t i o n o f P ( t h e u n i v e r s a l c o v e r i n g 
of P, t h e Poincare g r o u p ) , 
(2.2.2) 
from which a r e d e r i v e d t h e C a s i m i r e q u a t i o n s 
vs/1- = DDCOi-0 j t u A e r t 0-- £ J 3 j - (2.2.3) 
( T h i s a p p l i e s o n l y t o t h e case o f a n a l y t i c f u n c t i o n s ) 
The authors t h e n propose t h e L a g r a n g i a n , 
where ^ (x, i s t h e c o n j u g a t e of j(XJ^) 
T h i s leads t o t h e S u l e r e q u a t i o n 
(-0 - a. - 60) j (Xjf) = O '1 7 c\ 
i e . nc = a +b s , m = mass, s = s p i n . 
l i n e a r t r a j e c t o r i e s 
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I n the above, w a v e f u n c t i o n s of p a r t i c l e s w i t h s p i n 
do not have i n d i c e s , i e . t h e y are s c a l a r s . The d e s c r i p t i o n 
o f s p i n i s accounted f o r by the presence of i n t e r n a l v a r i _ . ^ I e s . 
Mere r e c e n t l y , B r i n k and K i h l b e r g a p p l i e d t h e homogeneous 
space i d e a s t o d u a l t h e o r y . Here, t h e Koba - N i e l s e n v a r i a b l e s 
a r e t r e a t e d as i n t e r n a l v a r i a b l e s of a hadron w a v e f u n c t i o n . 
The SL(2 C ) symmetry o f d u a l models, (Chapter I I ) , 'which 
accounts f o r d u a l i t y , i s i n t e r p r e t e d as t h e L o r e n t z group 
a c t i n g on t h e i n t e r n a l p a r t o f t h e homogeneous space. 
o 
S e v e r a l o t h e r a u t h o r s have a l s o made t h i s i d e n t i f i c a t i o n i n 
t h e i r r e s p e c t i v e t r e a t m e n t s o f d u a l models. I n c h a p t e r IV 
t h i s i d e n t i f i c a t i o n i s r e a l i z e d i n a s t r u c t u r e s i m i l a r t o the 
above space o f bacry and Nuyts. 
2.3 Extended S t r u c t u r e 
a) On a n o t h e r l i n e of approach i n g i v i n g p a r t i c l e s 
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i n t e r n a l degrees o f freedom, de B r o g l i e e t a.l c o n s i d e r e d 
quantum numbers such as i s o s p i n , s t r a n g e n e s s e t c . as due 
t o t h e extended s t r u c t u r e o f p a r t i c l e s i n space-time, i e . 
n o t , as i s u s u a l , due t o symmetries i n an a b s t r a c t space, 
d i s s o c i a t e d from Minkowski space. T h i s i d e a was a l s o p u t 
f o r w a r d i n F i n k e l s t e i n ' s paper. 
These c o n s i d e r a t i o n s have r e c e i v e d a l o t of a t t e n t i o n 
f r o m Japanese p h y s i c i s t s f o i l w i n g on Yukawa's i d e a o f 
e l e m e n t a r y domains'*"^, i n v e n t e d i n an e f f o r t t o a v o i d the 
d i v e r g e n c e s o f c o n v e n t i o n a l f i e l d t h e o r y , w h i c h were t h o u g h t 
t o be t h e r e s u l t of u s i n g p o i n t p a r t i c l e s . I n f a c t , i n 1970, 
Hara and Goto proposed a "Deformable Sphere Model o f Hadrons"-^ 
w h i c h accounted f o r 3U(3) and SU(6) w i t h o u t i n v o k i n g p h y s i c a l 
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q u a r k s , and a l s o r e s t r i c t e d hadrons ( i e . e x c i t e d s t a t e s o f 
the sphere) t o zero t r i a l i t y . The a u t h o r s p o i n t o u t t h e 
s i m i l a r i t y w i t h d u a l models - t h e sphere ••'.rising f r o m t h r e e 
s t r i n g s , w h i l e d u a l models are t h o u g h t t o be r e l a t e d t o t'r.e 
11 
dynamics o f a s t r i n g - i e . SU(3) i s a r e s u l t of t h e r e b e i n g 
t h r e e space dimensions. However, t h e sphere i s t r e a t e d 
n o n - r e l a t i v i s t i c a l l y and t h e model has on l y been g i v e n f o r 
f r e e hadrons. 
N e v e r t h e l e s s , i t i s i n t e r e s t i n g t o r e c a l l f r o m I , t h a t 
d u a l models have, i n some way, SU(3) and zer o t r i a l i t y b u i l t 
i n , w h i l e g i v i n g some SU(6) r e s u l t s - * ( L o v e l a c e ) . 
b) A p o s s i b l e r e l a t i o n s h i p between p a r t i c l e symmetries and 
1 p 
space-time was a l s o proposed by T a k a b a y a s h i x i n a m u l t i l o c a l 
t h e o r y o f a r e l a t i v i s t i c o s c i l l a t o r model. Here, t h e f r e e 
hadron, h a v i n g an extended s t r u c t u r e w i t h r e l a t i v i s t i c i n t e r n a l 
m o t i o n , obeyed an i n f i n i t e - component wave e q u a t i o n . iiy 
t a k i n g t h e l i m i t o f t h e number of o s c i l l a t o r s t o i n f i n i t y 
Takabayashi made a d i r e c t l i n k w i t h t h e s t r i n g model of Nambu 
and Susskind"^. (The s i m p l e s t way o f h a n d l i n g t h e i n f i n i t e 
number o f o s c i l l a t o r s i s t o o r d e r them i n one d i m e n s i o n ) . 
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I n h i s papers e n t i t l e d " D e t a i l e d V.'ave E q u a t i o n and Dual 
A m p l i t u d e s " he does n o t i n s e r t d u a l i t y as a p r e r e q u i s i t e , 
b u t i t does appear as a c h a r a c t e r i s t i c f e a t u r e of an extended 
s t r u c t u r e . That t h e wave e q u a t i o n should h o l d a t a l l p o i n t s 
o f t h e s t r i n g i s a s t r i n g e n t r e q u i r e m e n t and imposes a s e t of 
s u b s i d i a r y c o n d i t i o n s - t h e gauge r e l a t i o n s of d u a l t h e o r y I 
Remarks 
I n t h e i n t r o d u c t i o n we have d e s c r i b e d how 
a) d u a l i t y arose f r o m phenomenological c o n s i d e r a t i o n s , 
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c o n t a i n i n g some no t i o n of quarks. 
b) i t i s possible t o v i s u a l i z e d u a l i t y as a c h a r a c t e r i s t i c 
of extended s t r u c t u r e s , which may allow f o r i n t e r n a l symmetric 
Now, the t h e s i s traces the mathematical f o r m u l a t i o n 
and development of dual th e o r y , d e s c r i b i n g those p o i n t s i n 
i t s s t r u c t u r e which are looked upon as being fundamental. 
F i n a l l y , an expl a n a t i o n i s o f f e r e d f o r the i n t e r n a l symmetry 
group, i n terms of an extended s t r u c t u r e i n space-time (but 
q u i t e d i f f e r e n t from the s t r i n g model). 
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CHAPTZH I I 
In order t o introduce the main steps i n the development 
of dual theory we employ the o p e r a t o r i a l approach, by me-ns 
of which the f a c t o r i z a b i l i t y of the dual amplitudes i s r e a d i l y 
understood. In t h i s way we see t h a t i t i s possible to b u i l d 
a mathematical model which embodies, i n a c o n s i s t e n t manner, 
what are thought t o be basic p r o p e r t i e s of a s t r o n g i n t e r a c t i o n 
theory. 
These p r o p e r t i e s , and the s t r u c t u r e i n which they are 
r e a l i z e d , w i l l become apparent i n t h i s chapter, thus l a y i n g 
the foundations on which the f i n a l chapter i s based. 
1. N - scalar amplitude 
1.1 The Operator Formalism 
This procedure allows dual amplitudes t o have a Feynman -
l i k e i n t e r p r e t a t i o n - i e . the amplitude may be w r i t t e n as a 
sequence of v e r t i c e s and propagators. These objects are-
described i n terms of an i n f i n i t e set of c r e a t i o n and anni-
h i l a t i o n operators, which have the commutation r e l a t i o n s , 
1.1) 
where yJ.i i/ are Lorentz i n d i c e s ; n,m = 1,2 -} £^=(1,-1,-1,-
Using these we define the more convenient operators ocjl } 
by 
Jn. Q, 




h being the momentum ooerator: 
the commutation r e l a t i o n s nov- read 
(2.1.3) 
The zeroth mode corresponds t o a p o i n t - l i k e o n r t i c l e , 
. . " " 13 tne r.igrer rnoaes t o i n t e r n a l e x c i t a t i o n s . Following Kamond, 
we assume t h a t these i n t e r n a l e x c i t a t i o n s are p e r i o d i c , w i t h 
period 2 , say. The parameter d e s c r i b i n g the i n t e r n a l evol-
u t i o n we denote by , and introduce the generalized p o s i t i o n 
a nd momentum operators, 
on °0 , .71. 
(2.1.4) 
v/nere 
CL° * being the c r e a t i o n operator f o r the zeroth mode."^ 
The presence of £ ar i s e s from a c o n s i d e r a t i o n of 3U(1,1) 
represenations; here v/e are concerned w i t h the J = - £/£ 
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r e p r e s e n t a t i o n , £ being equated t o zero at tne end of a l l 
c a l c u l a t i o n s . 
The i n t e r n a l motion i s described by the Narnbu ri a m i l t o n i a n 
H- -it (**i)<rf.a.' • -Z*".s-i*'*m 
^so ' (2.1.5) 
'.vhich gives r i s e t o l i n e a r t r a j e c t o r i e s . 
Therefore, the Heisenberg equations of motion 
imply 
[H.'O = or 
d t 
i 
r\ -<-T ^  
- z° * vb° + i 






V/e may now define the vertex f o r the emission of an 
t 15 






The prop?/rat or of a lieggeon i s (Beta f u n c t i o n ) 
.a- i 
J0 (2.1. 
where ( Y ) r i s ?och ha miner's symbol 
i e . (Y) = Y(Y + 1) (Y + r - 1) = P ( Y + r> 
•7 
Oi (s) = a + bs, and x i s the Chan v a r i a b l e 
( i e . conjugate v a r i a b l e ) f o r the Reggeon l i n e . 
Now we may w r i t e down the amplitude"^ f o r N scalars 
s c a t t e r i n g o f f each other (Fig. 3 .) 
where S - - f 2 A - ) * \°'&> = « '°> J lo> b e i n B 
the vacuum defined by c^J - 0 ^ n >, O . 
• L . i 1 4 
* ' 1 i r 
: : ; • 
PN->- - ' ! !-
Fig. 3. 
This expression i s equivalent t o t h a t i n (1.5). 
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1.? Properties of A^ r 
At t h i s stage, i n order to appreciate the ensuing 
development of the f i e l d , i t i s worthwhile l o o k i n g at some 
of the p r o p e r t i e s of the N - p o i n t amplitude. 
( i ) F i r s t of a l l , i t s a t i s f i e s what are thought t o be 
d e r i r a b l e requirements of an amplitude, since i t i s equivalent 
1 7 
to the Bardakci - Ruegg formula- ' 
v i z . a) A n a l y t i c i t y 
b) Regge behaviour 
c) F a c t o r i z a t i o n 
17 
i e . consistency w i t h the bootstrap hypothesis i n t h a t 
a l l p a r t i c l e s are bound states of others. By analyzing the 
intermediate s t a t e s we may discover the spectrum of the model. 
-i 
x 
I t i s found t h a t the degeneracy of s t a t e s as a f u n c t i o n of 
s p i n , d ( J ) , increases e x p o n e n t i a l l y as the mass 
i e . d (J) oC exp (b rn ) 
This exponential dependence i s also a f e a t u r e of s t a t i s t i c a l 
models (Hagedorn, Frautschi)^° 
q ) D u a l i t y 
i e . A^  i s i n v a r i a n t w i t h respect t o c y c l i c permutations' 
of the e x t e r n a l momenta. Neveu and Schwartz ' show t h a t 
t h i s property depends on 
i ) i-'iooius invariance of A,\; { eg = ^~2 ~ ^ l ' = ^N-l) 
i i ) how V 0 ( k ^ , Sj_) commutes w i t h V 0 ( k j , ^ j _ ) 
Vve postpone, t i l l a f t e r the i n t r o d u c t i o n of the " t w i s t i n g 
operator", the d i s c u s s i o n of o p e r a t o r i a l d u a l i t y 
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where a,b,c,d, are a r b i t r a r y s t a t e s . 
e) Crossing symmetry 
f ) Resonance poles l i e on l i n e a r l y r i s i n g t r a j e c t o r i e s . 
However, since a l l poles l i e on the r e a l axis ( i e . zero 
w i d t h s ) , u n i t a r i t y i s v i o l a t e d . Later, i n s e c t i o n 3, a 
procedure f o r implementing u n i t a r i t y i n a p e r t u r b a t i v e manner 
w i l l be o u t l i n e d . 
i i ) I f we now focus a t t e n t i o n on those states obtained, by 
a chain of propagators and v e r t i c e s ( d e f i n i t i o n of p h y s i c a l 
s t a t e s ) we f i n d t h a t they s a t i s f y ^ ' ^ 
L 0 if> = - « M r > 1 
f (2.1.11) 
LJf> ~- o J 
where » 
CO , 
L. = L, - ' Z • , < 
° (2.1.12) 
l. * u - l ; 
(: : denotes normal ordering) 
The above operators give the f o l l o w i n g algebra, 
(2.1.13) 
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i e . the algebra of 3 U ( i , l ) (or S L ( 2 f t ) ) of p r o j e c t i v e 
t ransformations n 
This group appeared i n connection w i t h the i'.oba -
7 
Nielsen f o r m u l a t i o n of the N - p o i n t amplitude, the l a t t e r 
being i n v a r i a n t w i t h respect t o the above transformations on 
the z's forming the conjugate v a r i a b l e s . I f we had chosen 
the z's t o belong t o the r e a l l i n e (which we can do, f o r a l l 
t h a t i s required of the z's i s t h a t the rele v a n t c r o s s - r a t i o s 
are r e a l and belong t o the i n t e r v a l ( 0 , 1 ) ) , then the corres-
ponding group t o 3U(1,1) i s 3L(2 JR ) which maps the r e a l axis 
onto i t s e l f . 
These considerations suggest t h a t a study of the i n v a r i a n t s 
of 3U(I,1) or 3L(2 fft ) may be u s e f u l . Indeed, a number of 
papers have been w r i t t e n which do constru c t amplitudes from 
12^  18 t h i s p o i n t of view. I n f a c t some people have gone f u r t h e r 
and suggest t h a t SU(1,1) be regarded as a subgroup of SL(2 (T ), 
the l a t t e r then being i d e n t i f i e d w i t h the Lorentz group, which 
may allow a treatment of s p i n . Neverthless, a t t h i s stage 
there i s l i t t l e j u s t i f i c a t i o n f o r t h i s p o int of view. 
However, the above group-theoretic i n v e s t i g a t i o n s do 
not provide a n a t u r a l framework f o r other operators which have 
proved t o be of importance. 
i o 
These operators, f i r s t found by Virasoro, are defined 
as f o l l o w s , 
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0 . > 
rn=»0° 
(2.1.14) 
w i t h the algebra 
/ > „ , L „ ] = r n - m ) L n + m * TS'^&fi.m.o J (2.1.15) 
(D = dimension of space-time). 
The above operators, which include the 3U(1,1) 
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generators L , L ±, have the f o l l o w i n g e f f e c t on V 0 ( k , z ) 
Therefore, i f we r e s t r i c t ourselves t o the simple, 
2 ? 
but unphysical, case of k = m~ = - 1 , we ootain 
' d i (2.1.17) 
(Note, i f m = 0, then 
^ £ ( 2 . 1 . I S ) 
i e . an i n f i n i t e s i m a l conformal t r a n s f o r m a t i o n of z —^ f ( z ) ) 
However, i f we r e o u i r e a l l z's t o l i e on a c i r c l e (as 
i n the Koba-Nielsen p r e s c r i p t i o n ) then ~ i s a p e r f e c t 
d i f f e r e n t i a l and so, i n t e g r a t i o n over the whole c i r c l e w i l l 
14 
y i e l d zero, 
wnere 
[Lnj V(*)] --o (n>"'-> ( s . i - 1 9 ) 
These r e l a t i o n s imply c e r t a i n subsidiary c o n d i t i o n s or 
p h y s i c a l s t a t e s . Indeed, i f / i s a p h y s i c a l s t a t e , 
then 
i-,lf>s° (2.X.20) 
This f o l l o w s f r o m ^ 
(L..L„.,)^\4a) • E ^ t 7 *(*)(*•-->•*->) 
which implies 
(L0-Ln-o[D> vb(Aj---- 0. l*J«> -- 0 
Since 2. n i vO v ~ 
where 0 = i s the propagator f o r m = - 1 . 
Kence, we have an i n f i n i t e s et of co n d i t i o n s on the 
p h y s i c a l s t a t e s . I n f a c t , i f ls> - L -n lV>j IV? being 
any s t a t e i n the Fock space, then \S> decouples from a l l 
p h y s i c a l s t a t e s ; f o r 
<S\f> » \?> O 
Such st a t e s / are termed "spurious" 
This f a c t implies t h a t there e x i s t l i n e a r r e l a t i o n s • 
between residues of any s t a t e ( p o l e ) . These r e l a t i o n s are 
s u f f i c i e n t to remove a l l negative residues i e . ghost s t s t 
p r i s i n g from the i n d e f i n i t e Lorentz me t r i c , which i s the 
content of the f o l l o w i n g s e c t i o n . 
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1.3 Absence of Ghosts 
I n t h e i r search f o r the phy s i c a l spectrum i n the Fock 
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space, Del Giuciice et a l . constructed a set of st a t e s 
which s a t i s f i e d 
Ln I > = O j U I > = I > j 
they were orthonormal and had p o s i t i v e norm. 
These s t a t e s (DDF) are created from the vacuum by the 
, i operators A_n , defined by 
A - -L-
n " 2.Tri- J ]r 2. L /£ 
T 
_± 
where D = space time dimension, and k = 2(1,0,0,-1). 
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Later, i t was shown t h a t these s t a t e s , f o r the s p e c i a l 
case D = 26, were the only p h y s i c a l s t a t e s t o couple. Indeed, 
i n t r o d u c i n g K n := k. <*„ , then a l l DDF states s a t i s f y K = 
= 0, n = 1,2 ; the converse i s also t r u e . Now, i f we 
l e t F - set of DDF states w i t h K = 14 (R = L — p '", where po 
• - o 
i t i ' i 
= p + Nk, p = (0,0,0,1)), and G" i t s orthogonal complement 
i n the subset of .^11 states w i t h R = M, then n e i t h e r F " nor G1'" 
c o n t a i n . n u l l s t a t e s , and, furthermore, F" i s p o s i t i v e d e f i n i t e . 
Hence, f o r D = 26, there are no ghosts i n the p h y s i c a l 
spectrum. I n f a c t , any p h y s i c a l s t a t e /V/* may be decomposed 
by iy p. = ip > + lns> 
where l<p} i s a DDF s t a t e and |0J]> i s n u l l spurious ( a 
n u l l s t a t e i s one which i s orthogonal t o a l l physical s t a t e s , 
i n c l u d i n g i t s e l f . ) 
The c r i t i c a l dimension B = 26 i s p r e c i s e l y the one f o r 
22 
which the Pomeron appears as a pole (and not a c u t ) (^ovelace ). 
However, i t i s s t r a i g h t f o r w a r d t o show t h a t , f o r 
( i n p a r t i c u l a r D = Z, }, there are s t i l l no ghosts. 
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2. N- Reggeon Amplitude 
2.1 I n t r o d u c t i o n 
':!e have seen the emergence of two important points i n 
the l a s t s e c t i o n , a) S U ( l , l ) algebra accounting f o r d u a l i t y , 
b) the gauge algebra which leads t o the 
absence of ghosts. 
The r e a l i z a t i o n of the 3U(1,1) group i s t h a t of conformal, 
one-to-one, mappings of the u n i t d i s k onto i t s e l f . In the 
case of the f u l l complex plane the corresponding group i s 
9 
3L(2(C), which leads t o the Virasoro amplitude. Later we 
w i l l show how the gauge group i s also r e a l i z e d by transformations 
of the complex plane. 
The prominence of the z - plane and p r o j e c t i v e t r a n s f o r m -
ations i s emphasised by Lovelace's expression f o r the N -
23 
Reggeon v e r t e x . Indeed, i n t h e i r i n t r o d u c t i o n t o the 
operator formalism, A l e s s a n d r i n i e t al"*" found i t convenient t o 
introduce i n f i n i t e - dimensional representations of p r o j e c t i v e 
transformations (canonical forms) t o handle c e r t a i n operators 
appearing i n t h i s approach. This correspondence was extended 
t o the f o l l o w i n g : 
I f CP (*) = ^ J T T > o t i " ^ * ' , then the i n f i n i t e 
dimensional matrix C n m , corresponding.to the t r a n s f o r m a t i o n 
to(lr) i s defined by 
C0n _£f y i Jn ' ^ 0 C n M J n ^ ' j ( w i t h the convention 
C 0 0 = &3 I * ' (2-2.1) 
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Th e product of two such matrices i s given by 
This correspondence 0> -> C i s a r e p r e s e n t a t i o n of the 
group of p r o j e c t i v e mappings only i f zero modes are absent. 
Notation: i f w takes f,g,h t o f ' , g h ' , r e s p e c t i v e l y , 
then ve denote the corresponding i n f i n i t e matrix, by 
( f g h ) 
( f g n j 
2.2 The Re;-p;eon Vertex. 
7/hen we consider the vertex f o r the emission of :-• scalar 
( i e . , the zero mode, only, i s p r e s e n t ) , a possible 
g e n e r a l i z a t i o n might be t o replace ^ by the generalized 
momentum P^ ti) thus i n t r o d u c i n g higher modes i n t o the 
emitted s t a t e . I n t h i s way PI fa) (considered as a c - number 
f o r the moment, w i t h " F o u r i e r " components °< \ ) characterizes 
the emitted Reggeon. However, since the d e s c r i p t i o n should 
be i n v a r i a n t under p r o j e c t i v e mappings ( t o ensure d u a l i t y ) , 
we may compare two Reggeons only i f t h e i r generalized momenta 
are each defined on the same i n t e r v a l . Therefore, we r e s t r i c t 
z t o some standard i n t e r v a l and introduce, f o r each Reggeon, 
a p r o j e c t i v e map gj_ which performs the f u n c t i o n of the Xcba -
Nielsen v a r i a b l e Zj_ i n the sc a l a r case. Then, f o l l o w i n g 
K o s t e r l i t z and Sa i t o , ^ the N - Reggeon vertex i s 
v,lth j y. e * * ' ; (^o)j 
^ >*- i (2.2.5) 
where 2"- l S 4 ^ , the standard i n t e r v a l being the u n i t 
c i r c l e ( -7T « t- 4 V ) % 
d„ - fr.dii r fife ^ -1 - / 
^ being the usual Koba-Nielsen v a r i a b l e . 
The f i r s t exponential corresponds t o the emission of 
N Reggeons / j ^ , the second c a n c e l l i n g c e r t a i n divergences 
o c c u r r i n g i n the former {cj. the Analogue Model where the 
divergences are seen as s e l f - e n e r g i e s ) 
23 
Now, i n Lovelace's expression the standard i n t e r v a l 
i s the r e a l a x i s . So the form of becomes ( K o s t e r l i t z and 
3.a i t o ) 
w i on 
and ^ i s defined by the associated i n f i n i t e matrix 
which i s the V"* of L o v e l a c e . ^ 
-2&-
22, I n t e g r a t i n g we o b t a i n ( c f . K o s t e r l i t z and 3 a i t o ) 
(2.2.7) 
where each. Reggeon i s represented by an i n f i n i t e vector 
nd w i t h coherent s t a t e basis components oCc ^ ~n » 
(7' 
If I _i + | 
Q OO I 
2.3 Canonical T'orins of Operators 
I i 
m a d d i t i o n t o U , V d e f i n e d above, there are c e r t a i n 
other operators r e q u i r e d i n the discussion of loops ( u n i t a r i t y 
c o r r e c t i o n s ) . One of these, v i z . the propagator, has already 
been mentioned. The p a r t of t h i s which depends on the harmonic 
o s c i l l a t o r s , XL° , has the f o l l o w i n g associated i n f i n i t e 
1,23 
matrix o 
o OO X 
Another construct i s the t w i s t i n g operator 
r o co ) 
1 ot> o AL -
which reverses the order of the exter n a l p a r t i c l e s 
( t h i n k of the s l y i n g along the r e a l a x i s ; TL reverses 
t h i s l i n e • ) 
i e . i f X. denotes the a c t i o n of J T t o the r i g h t , 
X 3 U y 2. 1 1. 3 (, S~ 
1 
- X - — < — -4-6 - I ->~ -<rC 
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From t h i s d e f i n i t i o n we have 
and 
where j <p >, / y,> a r e p h y s i c a l s t a t e s . 
However, as o p e r a t o r e q u a t i o n s , t h e s e r e l a t i o n s do 
not h o l d . N e v e r t h e l e s s , by i n t r o d u c i n g a gauge t r a n s f o r n i -
a t i o n (1 - x ) ' ' , V.' = L 0 - L _ (which l e a v e s a p h y s i c a l s t a t e 
u nchanged), we may d e f i n e a n o t h e r o p e r a t o r , 0 , w h i c h p e r f o r m s 
i 
t h e same f u n c t i o n s as _Q 
:.7e t h e n have 
0*9 - i 
The l a t t e r , c a l l e d a t w i s t e d p r o p a g a t o r , has an a s s o c i a t e d 
i n f i n i t e matrix. 
o ao | 
cO I 0 
2.4 P r o p e r t i e s of ^ 
) .••lobius i n v a r i a n c e . 
2'} 
T h i s i s shown by t h e f o l l o w i n g argument due t o L o v e l a c e ; J 
map each zj_ onto by t h e same i-iobius t r a n s f o r m a t i o n , t h u s 
imply i n g 




nence, oy s a n d w i c h i n g t h i s between U and V , e ach 
^. — > £\ , w h i l e l e a v i n g t h e e x p r e s s i o n unchanged ( I * J D . 
fi^t^^is i t s e l f Mobius i n v a r i a n t ) . T h e r e f o r e , j u s t as i n 
t h e c a s e of t h e N - s c a l a r a m p l i t u d e we may a r b i t r a r i l y f i x 
any t h r e e z i ' s _ 
b) C y c l i c s y m m e t r y ^ 
c ) f a c t o r i z a t i o n 
T h e r e a r e a number of forms of t h e N - Reggeon v e r t e x which 
s a t i s f y t h e above. T h e s e v e r t i c e s d i f f e r b e c a u s e a Reggeon 
i s i n v a r i a n t under a gauge t r a n s f o r m a t i o n 
i e . \a> = l°> v V " i-o-L. . 
1 25 i-or example, A l e s s a n d r i n i e t a l . use O l i v e ' s v e r t e x 
t o e x h i b i t t h e b o o t s t r a p p r o p e r t y . T h i s v e r t e x i s g i v e n by 
t h e f o l l o w i n g 
7 
The x^ a r e Chan v a r i a b l e s f o r each e x t e r n a l l e g . 
The s i m p l e s t way o f t r e a t i n g t h e s e v a r i a b l e s i s by u s i n g 
Koba - N i e l s e n v a r i a b l e s t o e x p r e s s them, w h i c h i s a c h i e v e d 
by a d d i n g two s c a l a r l e g s , ± , £" , t o each e x t e r n a l l e g . 
Then, 
l - L °Z J ) "i J °— J 
h - A \ -
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!3 may be s e e n from. 
w h i c h i s p a r t of the d u a l i t y d iagram c o r r e s p o n d i n g t o the 
p r e v i o u s graph ( c.j. e q u a t i o n ( 1 . 3 . 1 ) ) 
The o t h e r terms a r e g i v e n by 







(The dot means t h a t a l l e x t e r n a l l e g s a r e on t h e same 
1 
s i d e as t h e dot. ) 
1 
Now, A l e s s a n a r i n i e t a l - showed t h a t two v e r t i c e s may 
be j o i n e d , u s i n g a t w i s t e d p r o p a g a t o r Q {Si f o r L o v e l a c e ' 
v e r t e x , ~ J so t h a t i n O l i v e ' s case no s p u r i o u s s t a t e s f i r e 
p r o p a g a t e d ) , t o g i v e a. l a r g e r v e r t e x ; i e . 
s i n c e 
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The r e l a t i o n between O l i v e ' s and L o v e l a c e ' s v e r t i c e s 
i s g i v e n by 
/ / £ ' -fo*. , ^ , *r , Ypr, ) J 
where ^ ~ ^ ~ ^ j (-> ^ = 0 i e . on m a s s - s h e l l ) 
d) O p e r s t o r i a l D u a l i t y . 
U s i n g t h e above n o t a t i o n t h i s p r o p e r t y i s t h e s t a t e m e n t 
it- ^ j 
For example, i n the c a s e when two of t h e l e g s a r e s c a l e r s 
( 1 , 3 ) 
L e t x,y, e t c . be the Chan v a r i a b l e s o u t l i n e d . Then, i n 
a t r e e a m p l i t u d e c o n t a i n i n g e i t h e r o f t he above g r a p h s , we 
r e q u i r e t h a t t h e i r c o n t r i b u t i o n s t o t h e i n t e g r a l s be t h e same. 
i e . Ri = Ro, where 
ft, = x,L' 9(x.) VJP.) y,L' 9(%) V0(p„) y,L° Cx.) dyj. (4,)^ fa) 
w i t h 
T h i s i s so i f X T _ = X-2, Z-i = z-
-33-
ar.d 1 - ^1 y 
1 - v i ^ x i + z i ~ 
w h i c h i s t h e r e l a t i o n between Chan v a r i a b l e s g i v e n by Chan 
i n r e f . 7 -
Remark 
I n t h e next s e c t i o n , on p e r t u r b a t i v e u n i t a r i t y , t h e 
c o r r e c t d e f i n i t i o n and m a n i p u l a t i o n of l o o p s depends on two 
a) Loop a m p l i t u d e must be i n d e p e n d e n t o f the p a r t i c u l a r 
s e t of Reggeons cho s e n t o be "sewn". 
These two r e q u i r e m e n t s f o l l o w from 
a) F a c t o r i z a t i o n 
b ) . O p e r a t o r i a l d u a l i t y . 
3. P e r t u r b a t i v e U n i t a r i t y - M u l t i l o o p s . 
27 
3.1 The K.S.V. (Kikkawa, S a k i t a , V i r a s o r o ) approach t o 
the problem of r e n d e r i n g the d u e l N - p o i n t f u n c t i o n u n i t a r y 
was t o r e g a r d t h e l a t t e r a s t h e Born t e r m i n a p e r t u r b a t i v e 
scheme. The e l e m e n t a r y e n t i t y p ropagated i s a tower of 
hadrons ( r e q u i r e d t o s a t i s f y d u a l i t y and s u p e r c o n v e r g e n c e ) . 
The h i g h e r o r d e r t e r m s c o r r e s p o n d t o more t h a n one of t h e s e 
tov. rers being, propagated. E.?ch tower of hadrons i s a Keggeon 
and so m u l t i l o o p s a r e c o n s t r u c t e d by " s e w i n g " Re^.geons i n a 
t r e e a m p l i t u d e . 
The f o l l o w i n g i s merely an i n d i c a t i o n of the s t e p s 
i n v o l v e d i n c a l c u l a t i n g the M - loop a m p l i t u d e . The po_: ." 
t o n o t i c e i s the emergence o f an automorphic group and ~ 
p o i n t s 26 
b) I n t e r n a l l i n e s may be d u a l i z e d . 
c o r r e s p o n d i n g Riemann s u r f a c e , w h i c h p l a y s a prominent r o l e 
i n the Analogue Model, t h u s e n a b l i n g a s i m p l e s t a t e m e n t of 
the u n i t a r i z a t i o n programme t o be made. 
2S,29 
3.2 The i>i - l o o p Amplitude. 
V/e o u t l i n e t h e "sewing 5 1 p r o c e d u r e u s i n g L o v e l a c e ' s v e r t e x , 
the one f o r O l i v e ' s b e i n g p e r f o r m e d s i m i l a r l y , 
a) tie c o n s i d e r the N - Reggeon a m p l i t u d e w i t h t h e i n t e g r a n d 
i<.i <ji 4 v (2.3.1) 
assuming t h a t the Koba - N i e l s e n v a r i a b l e s z-^  a r e on the • 
u n i t . c i r c l e . 
I n t r o d u c e t h e i n f i n i t e m a t r i x 
r - Vc^ l/b '/c 
w h i c h c o r r e s p o n d s t o z — > "V z ; t h i s i s not a i-'iobius 
?Q 
m a t r i x , b u t i t a c t s c o n s i s t e n t l y on i'lobius m a t r i c e s . 
I f we map a l l t h e z^'s onto t h e r e a l l i n e by a p r o j e c t i v e 
t r a n s f o r m a t i o n , t h e n 
u' - ( v ; / r 
I - <* ;'^ r w | f l J >J 
where t h e c o n v e n t i o n , U 1 V 1 = 0, i s adopted. 
29 
b) F a c t o r i z i n g I by a r e a l f u n c t i o n a l i n t e g r a l , v,re o b t a i n 
where we have used 
^ i f * y <f /A /* > <- = 
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J7f A i s a n y . d i a g o n a l i z a b l e 
2 r 
o p e r a t o r o f f i n i t e n o n - z e r o Fredholm d e t e r m i n a n t d e t A. 
Now, we w i s h t o sew M p a i r s of Ueggeons; l e t t h e p a i r 
be < 0 > / = <Ci^l j and / & j > - / Cl^ > , and 
w r i t e 
NB. ^ ^ {j^ d i f f e r b e c a u s e they depend on d i f f e r e n t Koba-
N i e l s e n v a r i a b l e s , v i z . ( Zj_ _ ] _ , z ^ , zi+]_ ) and ( z j - l , z* , 
z 3 * l ) . 
F i n a l l y , l e t , t h e p r o p a g a t o r j o i n i n g the/*-'* p a i r 
o f Reggeons, have t h e Chan v a r i a b l e .X^ , and put a l l unsewn 
Reggeons i n t h e i r ground s t a t e . 
c ) The t r a c e of I o v e r n o n - z e r o modes i s g i v e n by f u n c t i o n a l l y 
i n t e g r a t i n g o v e r / <£^ )> ( o m i t t i n g t h e z e r o mode, w h i c h w i l l .be 
23,29 
computed s e p a r a t e l y ; , w i t h the measure 
I 
T h i s y i e l d s 
T r a c e 
(2.3.2) 
(2.3.3) 
( r e f . 2 9 ) 
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Then, i n t e g r a t i n g over &j , we o b t a i n 
T r a c e I = • - , where 
F - X U <*! rrx l>>> • ^ 4 <* l >C 
a f t e r undoing t h a t p r o j e c t i v e mapping which took t h e u n i t 
c i r c l e onto t h e r e a l l i n e : 
& •= det 0 - 1 ) J (2.3-4) 
22,29 
T n e r e a r e two p o i n t s t o note h e r e 
i ) Syi** J when r e s t r i c t e d t o non-zero modes, a s i t i s 
h e r e , i s u n i t a r y (D-j_ r e p r e s e n t a t i o n of S U ( 1 , 1 ) ) 
Hence, 
2 = 2 ^ + ( 2 - 3 - 5 ) 
i i ) The a b s e n ce of d i a g o n a l terms has t h e e f f e c t o f 
f o r b i d d i n g j S^J! t o o c c u r a s n e i g h b o u r s i n the 
e x p a n s i o n of ( ' — Z ) " ' 
i 6 ' f i - Z J " ' - * ^2.3.6) 
where each o c c u r s only once, and the s e t of a l l "iQ i s 
t h e group of p r o j e c t i v e t r a n s f o r m a t i o n s g e n e r a t e d by the 5^, 
( i n f i n i t e m a t r i c e s o f ) 
T h i s i d e n t i f i e s t h e automorphic grouc f o r t h e 
> v a r i a b l e s . 
d) The i n t e g r a t i o n o v e r the z e r o modes ( i e . the momenta) 
29 
g i v e s 
Zjjfy Cn.hj} ( 2 - 3 . 7 ) 
-37-
where I^q (fcj *J ) ~ 
z 
Then, u s i n g B u r n s i c e ' s work on P o i n c a r e t h e t a s e r i e s and 
Abeli«n i n t e g r a l s , t h e f o l l o w i n g r e l a t i o n s may be e s t a b l i s h e d 
i < * i x c i > ; > ^ a * ^ a - j 
6^ b e i n g t h e t h i r d A b e l i a n i n t e g r a l w i t h comolex n o r m a l i z -
23,29,30,31 
a t i o n ; 
< ^ b e i n g t h e f i r s t A b e l i a n i n t e g r a l ( i n d e p e n d e n t of 
/3^„ b e i n g the p e r i o d m a t r i x . 
( £z means e q u a l i t y up t o f a c t o r s c a n c e l l e d by momentum 
c o n s e r v a t i o n ) . 
Hence, t h e momentum i n t e g r a t i o n y i e l d s t h e f i r s t 
A b e l i g n i n t e g r a l s r e q u i r e d t o change t h e t h i r d A b e l i a n i n t e g r 
from complex t o r e s l n o r m a l i z a t i o n . Thus, (TfLj^fj) i s 
Neumann's f u n c t i o n f o r t h e Riemann s u r f a c e rJ c o r r e s p o n d i n g t o 
t h e automorphic group above.30,31 
e ) The Rien-'nn S u r f a c e B. 
3? 
t h e n S^u, t a k e s the i s o m e t r i c c i r c l e 
C _ : / £ . y + 1^ \ = I 
i n t o t h e i s o m e t r i c c i r c l e 
The p l a n e o u t s i d e t h e s e 2 >'I c i r c l e s (yu. = '.,---• j M ) i s 
30,32 
t h e fundamental, r e g i o n f o r t h e autornorphic group. The 
Riemann s u r f a c e 3 i s o b t a i n e d by i d e n t i f y i n g c o r r e s p o n d i n g 
p o i n t s on t o g i v e a s p h e r e w i t h l-r. h a n d l e s 
I f OO O I 00 1 
00 1 j 
f o r AC^s*.) a t w i s t e d p r o p a g a t o r , t h e n , f o l l o w i n g L o v e l a c e ' 
and r e a d i n g r i g h t t o l e f t ; u n i t c i r c l e a n t i c l o c k w i s e — > 
r e a l a x i s l e f t w a r d s — > r e a l a x i s r i g h t w a r d s — > u n i t 
c i r c l e a n t i c l o c k w i s e , i e . t h e i n t e r i o r of the u n i t c i r c l e i s 
t r a n s f o r m e d i n t o i t s e l f . A l t e r n a t i v e l y , i f &(*^-) i s an 
u n t w i s t e d p r o p a g a t o r , t h e n t h e i n t e r i o r of t he d i s k i s mapped 
i n t o i t s e x t e r i o r . Thus, u s i n g t w i s t e d p r o p a g a t o r s t o sew 
Reggeons r e s u l t s i n o r i e n t a b l e s u r f a c e s , w h i l e u s i n g u n t w i s t e d 
p r o p a g a t o r s y i e l d s n o n - o r i e n t a b l e s u r f a c e s . I n t h e f o r m e r 
32 
the automorphic group i s F u c h s i a n , t h e l a t t e r K l e i n i a r / " " . 
(Convergence of the P o i n c a r e s e r i e s :1s d i s c u s s e d by L o v e l a c e ' " 0 ) 
Now, t h e g e n e r a t o r s of t h e automorphic group, , each 
depend on t h r e e p a r a m e t e r s j *yj c o r r e s p o n d i n g t o 
t h e t h r e e p a r t s o f S^, . Hence, s u b t r a c t i n g t h r e e of t h e s e 
p a r a m e t e r s f o r s i m i l a r i t y t r a n s f o r m a t i o n s of. t h e J/*, 
( w h i c h merely g i v e s a c o n f o r m a l l y e q u i v a l e n t Riemann s u r f a c e ) , 
we have t h e automorphic group depending on 3 ft - 3 p a r a m e t e r s . 
Normally, t o p o l o g i c a l l y e q u i v a l e n t s u r f a c e s of genus M w i l l 
31 
be r e l a t e d by 3^-3 complex p a r a m e t e r s . However, a l l the 
o p e r a t o r s , S ^ , used above, l e a v e the u n i t c i r c l e i n v a r i a n t , 
t h u s showing t h a t we a r e d e a l i n g w i t h a s y m metric Riemann 
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31 s u r f a c e ( i e . each i s the double of some open s u r f a c e ) . 
T h e r e f o r e , t h e s u r f a c e depends on 3 ^  - 3 r e a l p a r a m e t e r s 
o n l y . V a r i a t i o n of t h e s e p a r a m e t e r s c o r r e s p o n d s t o v a r y i n g 
t h e s u r f a c e B w h i l e r e t a i n i n g t h e same t o p o l o g y . Now, 
Neumann's f u n c t i o n i s s i n g u l a r a t t h o s e p o i n t s of t h i s 3^ '-- 3 
d i m e n s i o n a l domain c o r r e s p o n d i n g t o a change i n t o p o l o g y 
i e . when a h o l e s h r i n k s t o z e r o o r two h o l e s t o u c h . Domain 
. . , , 31 , , v a r i a t i o n a l t n e o r y may oe used t o a n a l y s e t n e s e s i n g u l a r i t i e s 
26 
( A l e s s a n d r i n i and Amati ) . 
I n the one - l o o p c a s e t h e s i n g u l a r i t y o c c u r i n g when t h e 
r a d i u s of the i n n e r c i r c l e ( o f t h e a n n u l u s whose double i s 
3 3 
a t o r u s ) v a n i s h e s , has been i n v e s t i g a t e d and a r e n o r m a l i z -
a t i o n s u g g e s t e d which i s unique ( m a i n t a i n i n g d u a l i t y and 
Regge b e h a v i o u r ) , and r e n d e r s a f i n i t e c o n t r i b u t i o n . 
P h y s i c a l l y , t h e d i v e r g e n c e i s due t o t h e e x p o n e n t i a l dependence 
of the number o f i n t e r m e d i a t e s t a t e s . 
I n the a n a l y s i s of the one-loop c a s e by D. G r o s s e t a l . 3 3 , 
t h e r e appeared a new s i n g u l a r i t y i n t h e o r i e n t a b i e n o n - p l a n a r 
g r a p h s . T h i s s i n g u l a r i t y , a c u t , c o r r e s p o n d e d t o vacuum 
quantum numbers and was t h e r e f o r e a s s o c i a t e d w i t h the romeron. 
l e . 
However, b e c a u s e i t was a c u t i t s p r e s e n c e was i n c o m p a t i b l e 
w i t h p e r t u r b a t i v e u n i t a r i t y . I n the c a s e of D = 26 ( N _ 
22 
s c a l a r a m p l i t u d e , s e c t i o n (1.3)) the Pomeron a p p e a r s as a p o l e , 
t h u s , h o p e f u l l y , c o m p l y i n g w i t h u n i t a r i t y r e q u i r e m e n t s . 
A c c o r d i n g t o the above p r o c e d u r e of u n i t a r i z i n g t h e d u a l 
a m p l i t u d e t h e o r d e r of a d i a g r a m i n the p e r t u r b a t i v e s e r i e s i s 
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- 9 M 
3 d) 
g = p e r t u r b a t i o n p a r a m e t e r . 
Remarks: From t h e above a c c o u n t we see t h a t the Koba-
N i e l s e n p l a n e a p p e a r s as the complex p l a n e on which t h e 
automorphic group of a p a r t i c u l a r graph a c t s t o g i v e t h e 
c o r r e s p o n d i n g Riemann s u r f a c e . The l a t t e r two s t r u c t u r e s 
(group and s u r f a c e ) , t o g e t h e r w i t h t h e a s s o c i a t e d Neumann's 
f u n c t i o n were g i v e n a more p r i m a r y r o l e i n the Analogue Model. 
I n t h i s model, f a c t o r i z a t i o n i s not e v i d e n t but i t does p r o v i d 
a n a t u r a l framework f o r t h e n o t i o n of d u a l i t y . 
T h i s approach t o d u a l a m p l i t u d e s i s now i n t r o d u c e d . 
4. The Analogue Model. 
4-1 I n t r o d u c t i o n 
T h i s approach o r i g i n a t e d i n a pa p e r by N i e l s e n - ^ ( a l s o 
S u s s k i n d ' " ) , i n w h i c h the i n t e g r a n d o f t h e g e n e r a l i z e d 
V e n e z i a n o a m p l i t u d e was w r i t t e n as t h e e x p o n e n t i a l of the 
e x t r e m a l v a l u e of a c e r t a i n i n t e g r a l . 
To show t h i s he took t h e Kobe - N i e l s e n v a r i a b l e s on t h e 
u n i t c i r c l e and c o n s i d e r e d t h e u n i t d i s k t o be a homogeneous 
c o n d u c t i n g medium w h i c h c a r r i e d v a r i o u s f l o w s of.quantum 
numbers. F o r example i n t he c a s e of momentum t h e r e were f o u r 
f i e l d s e a ch c o r r e s p o n d i n g t o one component of momentum. He 
- 4 1 -
t h e n worked out t h e energy d i s s i p a t e d i n the d i s k by t h e N 
momenta /? ( f o r t h e N - p o i n t a m p l i t u d e ) e n t e r i n g a t t h e 
p o i n t on t h e boundary of t h e d i s k . T h i s energy i s t h e 
i n t e g r a l r e f e r r e d t o i n the p r e v i o u s pnr-'graph ; we have 
o m i t t i n g the s e l f - e n e r g i e s . . Hence, t h e i n t e g r a n d i s Jistjb-E j . 
( & = r e s i s t i v i t y of t h e rnedium)_ 
ie. n ih-bi-tt 
T h e r e f o r e , a s suming oC(s) = 1 + 0*5 , t h e above a s s e r t i o n may 
be proved. 
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N i e l s e n a l s o gave a p h y s i c a l i n t e r p r e t a t i o n i n w h i c h 
h a d r o n i c m a t e r i a l was v iewed as a one d i m e n s i o n a l continuum 
(or i n f i n i t e l y l o n g c h a i n of " m o l e c u l e s " ) ' Thus, the h a d r o n ' s 
e v o l u t i o n t r a c e d out a w o r l d s h e e t . He v i e w e d i n t e r a c t i o n s 
between hadrons as " t u n n e l e f f e c t s 1 ' , the a m p l i t u d e f o r c r o s s i n g 
a b a r r i e r b e i n g g i v e n by CjQ^j .\- JW>-.] 
J 7 fcath 
b e i n g a measure of t h e v i o l a t i o n of energy c o n s e r v a t i o n 
f o r a g i v e n p a t h ; i e . t h e g r e a t e r t h e v i o l a t i o n t h e l e s s 
p r o b a b l e was t h e p e n e t r a t i o n . However, A £ of a s t r i n g i s 
an i n t e g r a l o v e r t h e l e n g t h of t h e s t r i n g . Hence, t h e expon-
ent i s a s u r f a c e i n t e g r a l of a q u a n t i t y which can be s u i t a b l y 
c h o s e n b e c a u s e of the freedom of c h o i c e i n d e f i n i n g t h e param-
e t e r of l e n g t h . 
•5 1, 
I n t h e same paper*' he s u g g e s t s wny t h e h a d r o n i c m a t e r i a l 
i s o n e - d i m e n s i o n a l . F o r , i f we a p p r o x i m a t e t h e w o r l d - s h e e t 
by a dense network of Feynman v e r t i c e s and p r o p a g a t o r s , t h e n 
t h e o n l y n o n - t r i v i a l c a s e i s when t h e w o r l d volume i s two 
d i m e n s i o n a l . The p a r t i c l e s p r o p a g a t e d a r e c a l l e d p a r t o n s and 
-1,2-
t h e Feynman f o r m u l a f o r such a network u s e s an e l e c t r i c a l 
V.' T O 
a n a l o g y not d i s s i m i l a r from the analogue model, v i z . 
/ ^ t j i s t h e " r e s i s t a n c e " of t h e d i a g r a m c o n s i d e r e d a s an 
e l e c t r i c a l network of l i n e s w i t h r e s i s t a n c e o(^ (Feynman 
papameter) between the two p o s i t i o n s of e n t r y of ' " c u r r e n t s " 
k.2 F o r m u l a t i o n of Model 
L a t e r ( F a i r l i e and N i e l s e n ) t h e Analogue model was 
r e g a r d e d as a n o n - p a r t i c l e approach t o s t r o n g i n t e r a c t i o n s . 
( P r i o r t o t h e emergence of d u a l a m p l i t u d e s i t was assumed 
t h a t an a m p l i t u d e was dominated by nearby s i n g u l a r i t i e s - ) 
The new t e r m i n o l o g y was t o be b a s e d on t he geometry of d u a l i t y 
d i a g r a m s . 0 To each diagram was a s s o c i a t e d a t w o - d i m e n s i o n a l 
37 
open s u r f a c e ' . " C u r r e n t s 1 1 of momenta were a l l o w e d t o f l o w 
on t h i s s u r f a c e , t h e s o u r c e s b e i n g t h e momenta of t h e e x t e r n a l 
p a r t i c l e s w h i c h e n t e r e d a t t he boundary of t h e s u r f a c e . 
Reggeons a r e r e p r e s e n t e d by a d i s t r i b u t i o n of momenta; i n 
f a c t t h e c o h e r e n t s t a t e p a r a m e t e r s o f a Keggeon may be r e g a r d e d 
3 ^  
as t h e m u l t i p o l e moments of t h i s d i s t r i b u t i o n . 
The a m p l i t u d e i s g i v e n by a f u n c t i o n a l i n t e g r a l o v e r 
a l l p o s s i b l e s u r f a c e s , each s u r f a c e b e i n g w e i g h t e d by e x p ( - E ) , 
S b e i n g t h e energy d i s s i p a t e d on t h e s u r f a c e ( a s e x p l a i n e d i n 
5 u.i).) 
) c/ (Configurations ) 
A - J d (Configurations ) 
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:'.e may c l a s s i f y t h e s u r f a c e s a c c o r d i n g t o t h e i r t o p o l o g y ; 
so t h a t , i n one c l a s s we sum over a l l t o p o l c f i c a l l y e q u i v a l e n t 
s u r f a c e s . However, we r e q u i r e a measure f o r the i n t e g r a t i o n 
o ver c o n f o r m a l l y i n e q u i v a l e n t s u r f a c e s ( s i n c e , by t he n a t u r e 
of t he problem, the energy i s t h e s^rne f o r c o n f o r m a l l y e q u i v a l -
ent s u r f a c e s ) ; t h i s depends on t h e Guantum-mechanical n a t u r e 
of t h e problem and i s not g i v e n by the model. However, 
L o v e l a c e <"'* has proved t h e e c u i v a l e n c e of t h i s .'approach t o 
t h a t of the o p e r a t o r f o r m a l i s m , as was i n d i c a t e d i n t h e p r e v i o u s 
s e c t i o n ; the a m p l i t u d e f o r a g i v e n topology b e i n g t h e sum of 
i e . ^b(-E) 
w i t h t h e measure ( e q u a t i o n (2.3*7)) ^ A l d e t A j - 1 
The sum o v e r t o p o l o g i c a l l y i n e q u i v a l e n t s u r f a c e s , t o 
e n s u r e e q u i v a l e n c e w i t h the o p e r a t o r approach, i s done u s i n g 
the f a c t o r , g b e i n g the p e r t u r b a t i v e parameter, depend-
i n g on the number of e x t e r n a l p a r t i c l e s and the genus o f t h e 
s u r f a c e i n v o l v e d . 
6,39 
Note on D u a l i t y Diagrams. 
T h e s e diagrams a r e well-known f o r t h e i r d e m o n s t r a t i o n 
o f d u a l i t y ; so i t i s not s u r p r i s i n g t h a t t h e c o r r e s p o n d i n g 
s u r f a c e s e x h i b i t d u a l i t y i n a n a t u r a l manner: 
eg= a) *\/^ , i 
h a s t h e d u a l i t y d iagram ( e a c h l i n e t r a c e s the motion of a q u a r k ) 
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ar.d t h e c o r r e s p o n d i n g analogue s u r f a c e 
Hov/ever, a l l s i m p l y - c o n n e c t e d s u r f a c e s a r e c o n f o r m a l l y 
e q u i v a l e n t (Hiemann i'-'iapping Theorem^ ) ; 
hence 
If it ' * 3 
i e . each of t h e s e diagrams g i v e s the same r e s u l t (MB. summing 
over.a 11 s u r f a c e s i n t h i s c a s e means summing over a l l p o s i t i o n s 
of t h e e x t e r n a l momenta) 
b) The one d u a l i t y d i a g r a m ' 
h a s t h e f o l l o w i n g e q u i v a l e n t Feynman graphs 
1 
any two o f w h i c h a r e r e l a t e d by d u a l i t y t r a n s f o r m a t i o n s ; 
the l a t t e r may be r e a l i z e d on the above d u a l i t y diagram by 
d e f o r m a t i o n s of t h e analogue s u r f a c e ( s n n u l u s ) w h i l e m a i n t a i n -
i n g t h e same t o p o l o g y ; 
However, a n n u l i of d i f f e r e n t r a d i i a r e c o n f o r m a l l y 
e q u i v a l e n t only i f t he r a t i o of the r a d i i i s the same i n e a c h 
c a s e . T h e r e f o r e , the measure on non-conformal a n n u l i i s 
a f u n c t i o n of t h i s r a t i o . • 
-k5-
As an i l l u s t r a t i o n we ^ i v e t h e c a l c u l a t i o n s f o r t h e 
o r i e n t a b l e and n o n - o r i e n t a b l e s u r f a c e s o f genus one, and 
a l s o the measure f o r each , w h i c h may be . d e r i v e d f ro . r i t he 
dense Feynman ne twork c o r r e s p o n d i n g t o each s u r f a c e . 
k.3 S u r f a c e s o f genus = 1 
I n t h e o p e r a t o r f o r m a l i s m a t y p i c a l o n e - l o o p d i a g r a m i s 
M-i 
These d iagrams may be d i v i d e d i n t o two g r o u p s ; 
v i z . t h o s e w i t h 
a) even number 
b ) odd number, o f t w i s t s . 
C o n s i d e r t he f i r s t c l a s s ; 
a) O r i e n t a b l e s u r f a c e s 
A d i a g r a m w i t h an even number o f t w i s t s c o r r e s p o n t o 
an o r i e n t a b l e s u r i a c e eg 
as t n e d u a l i t y d i a g r a m 
4 
r 
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and t h e c o r r e s p o n d i n g ana logue s u r f a c e i s an annu lus ( o r 
c y l i n d e r ) , 
We r e p r e s e n t t h e g e n e r a l case by a. c y l i n d e r w i t h N 
momenta e n t e r i n g a t one c i r c u m f e r e n c e and M a t t h e o t h e r . 
The c y l i n d e r i s c h a r a c t e r i z e d , i n t h e ( x , y ) p l a n e , by t h e 
r e c t a n g l e ^ 
0, ^ 0, 
ft 
w i t h t h e p r o v i s o t h a t f u n c t i o n s i n t he ( x , y ) p l a n e are f u n c t i o n 
on the c y l i n d e r o n l y i f t h e y are p e r i o d i c i n x w i t h p e r i o d 2 
The most g e n e r a l harmonic f u n c t i o n on t h e c y l i n d e r i s 
t h e r e f o r e 
T h i s must s a t i s f y t h e boundary c o n d i t i o n s 
- 4 7 -
t h u s d e t e r m i n i n g the c o e f f i c i e n t s a ,b e t c . 
T h e r e f o r e (Append ix A I. ) we f i n d t h a t t h e energy d i s s i p 
( cr = r e s i s t i v i t y ) 
L ;<j L % J ^ -
5. (u-a i *J 
1 t-K-A &s 
hi L w i t h 
&• -
7.n XT' 
b ) N o n - o r i e n t a b l e s u r f a c e s . 
A d i ag ram w i t h an odd number o f t w i s t s has an ana logue 
s u r f a c e w h i c h i s n o n - o r i e n t a b l e 
-ex eg 
has t h e d u a l i t y d i a g r a m 
and t h e c o r r e s p o n d i n g ana logue s u r f a c e i s 
i e . a i'-iobius band . 
V/e may r e p r e s e n t a Mobius band i n the ( x , y ) p l a n e by 
a r e c t a n g l e w i t h a s u i t a b l e i d e n t i f i c a t i o n o f t h e b o u n d a r i e s 
C o n s i d e r t he f i g u r e 
• The p o i n t ( x , (3 ) i s i d e n t i c a l t o ( J < + i T r , - ( 3 ) j 
and ( rt , ^ ) i s i d e n t i c a l t o ( - TT , - £ / ) . 
The d o u b l e o f t h e Mobius band i s t h e r e c t a n g l e o f l e n g t h kTf 
and w i d t h 2(3 . Now, any f u n c t i o n on t h e band must be o f 
p e r i o d UTS i n x , and s a t i s f y t h e above i d e n t i f i c a t i o n s ; s o , 
any harmonic f u n c t i o n on t h e band has t h e f o r m 
CO f 
+ off"cos fl-J ji ) sinh n—i 
MB. - It 
The boundary c o n d i t i o n s a re 
3 
- 2 b S C * - ^ ) 
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Th en , f r o m the Appendix we f i n d t h a t 
i s t he energy d i s s i p a t e d i n a 1-lobius band o f r e s i s t i v i t y o" 
c ) R e l a t i o n v-/ith Y ' f u n c t i o n s o f Gross e t a i . " ^ 
i ) O r i e n t a b l e d iag rams 
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I n t h e n o t a t i o n o f Gross e t a l . we may show t h a t 
t'3 09 I f a l * ) 
f C c j L ) --
arr V Z" 
xrr 
where C - = X- Y y. 
t h e p r o d u c t b e i n g ove r a l l 
Chan v a r i a b l e s Xt 
F u r t h e r 
and 






I n t h e i r f o r m u l a f o r t h e one l o o p case (even number o f 
t w i s t s ) ^ ( L ) i s chosen i f t h e r e are an even number o f 
t w i s t s between ftL and ,6- , i e . Jo. } Jt> e n t e r on the same 
c i r c u m f e r e n c e o f the c y l i n d e r . 
(Cj 1 ) i s used f o r an odd number o f t w i s t s be tween 
k flnd h > 
i ° * A j A P r e o n d i f f e r e n t c i r c u m f e r e n c e s . 
- 5 0 -
T h e r e f o r e , t h e r e i s agreement between the two approaches 
i i ) No n - o r i e nt rib 1 e d i a g r a ins. 
Again we may show t h a t 
rr 
where f f (t + ^ " " ' J 
( , K" j j ^ ss b e f o r e ) . 
As i n t h e case o f o r i e n t a b l e d i a g r a m s , use Va/ C^-u) 
i f t h e r e a re an even number o f t w i s t s between fa and fa J 
V^zr Cc^i) i f t h e r e a re an odd number o f t w i s t s . 
(N - n o n - o r i e n t a b i e , T = t w i s t e d ) 
To u n d e r s t a n d t h i s i n t e rms o f t h e Mobius band c o n s i d e r 
t h e f o l l o w i n g d i a g r a m s . 
- 5 1 -
Cut t he above d i a g r a m ac ross AB and open o u t t o g i v e : -




I f we c a l l t h e l e n g t h o f t h i s band 2 7f ' , t h e n t h e Mobius 
s t r i p has an edge o f l e n g t h U TT ; i e, 
1 1 





Hence, i f j*. , y£ , a re s epa ra t ed by an odd number o f 
t w i s t s we must augment t h e d i f f e r e n c e i n t h e i r p o s i t i o n s by 
2 W t o be i n a c c o r d w i t h t h e analogue f o r m u l a ; f o r 
<p- - #• i f f 
z. rr 
v L . = 
d} The Measure 
V/e show how t o o b t a i n t he measure f o r t h e c y l i n d e r by 
a p p r o x i m a t i n g t h e c o n d u c t i n g s u r f a c e by a dense Feynman ne t 
r o r , c o n s i d e r 
K-r; 0 ~ 
i n w h i c h t h e t o p end j o i n s t h e b o t t o m t o f o r m a c y l i n d e r . 
The c i r c u l a t i n g momenta a r e l a b e l l e d K j as shown. I f t h e 
r e s i s t a n c e o f one edge o f a c e l l i s Cf , and 
t r . en t h e energy d i s s i p a t e d f o r t h e above d i s t r i b u t i o n , i s 
w i t h 
- I A - I 0 
O - I A \ 




* - I 
0 - I A 
4. - ' 
-i u 
Hence, f r o m the a p o c n d i x , we o b t a i n 
co 
f o r A / ' A/ N 
= a c o n s t a n t , ^ - £ 
Now, when a Gauss ian f u n c t i o n a l i n t e g r a l i s t a k e n over 
a l l d i s t r i b u t i o n s on t h e s u r f a c e , t h e f i n a l answer4"1" i : : t h e 
p r o d u c t o f t h e c l a s s i c a l s o l u t i o n and 
, v 
where g i s the s t r e n g t h o f t h e c o u p l i n g j — , 
V i s t h e number o f v e r t i c e s ( -- N'^ + - kN(.\ : ••• 1)), 
and t h e i n t e g r a t i o n i s over a l l X, 
- 5 3 -
/ / 
CO 
{ c / k ; 
J 
dX 
* j j OB 
i n t h e Appendix i t i s shown t h a t 
k/ ^ CO >— A/-> 0 0 
Hence, t h e measure r e q u i r e d i s 
-X 
A/-> 0 0 U 
wnere 
£0 = £ 
The l i m i t converges i f 
I f we a l s o j o i n t he s i d e s o f t h e above n e t w o r k t h e n we 
have a t o r u s . -.v'e may c a l c u l a t e t h e w e i g h t a t t a c h e d t o t h i s 
t o r u s by r e p l a c i n g C-^  by 
A 
- i 




i n the Appendix c a l c u l a t i o n . V/e t h e n o b t a i n 
p '0 
t h i s agrees w i t h t h e c y l i n d e r c a l c u l a t i o n when one remembers 
t h a t t he double"* -" o f t h e c y l i n d e r has l e n g t h ^ = • 
V/e may o b t a i n the measure f o r t h e .-'lobius band , now t h a t 
t h e t o r u s measure i s known. I-'or, t h e o f t h e Mobius s t r i p 
i s r e l a t e d t o t h e ~£ o f t h e c y l i n d e r by 
( i e . the ends o f t h e c y l i n d e r a re r o t a t e d r e l a t i v e l y t o one 
a n o t h e r by T*T . ) 
Hence, q i s r e p l a c e d by i q 
i e . w i s r e p l a c e d by - w 
i e . f ( w ) i s r e p l a c e d by f ( - w ) . 
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5 . T! e F u n c t i o n a l I n t e g r a l F o r m u l a t i o n 
5•1 I n t r o d u c t i o n 
The c a l c u l a t i o n s i n s e c t i o n 4 have been p e r f o r m e d i n 
momentum space . The r e f o r m u l a t i o n o f t h e p r o b l e m i n c o n f i g -
u r a t i o n sp-'ce a l l o w s an i d e n t i f i c a t i o n t o be made, w i t h the 
f u n c t i o n a l i n t e g r a l approach o f Hsue, S a k i t a arid V i r a s o r o 
i 2 
G e r v a i s and S a k i t a ex tended t he se c o n s i d e r a t i o n s t o m u l t i -
l o o p a m p l i t u d e s ( b u t n o t i n c l u d i n g n o n - o r i e n t a b l e d i a g r a m s ) , 
p r o v i d i n g t h e f r a m e w o r k t o b r i d g e t h e gap between t h e o p e r a t o r 
language and t h a t o f t h e ana logue mode l . I n t h i s approach 
t h e degeneracy o f c o n f o r m a l l y e q u i v a l e n t d iagrams i s d i r e c t l y 
19 
l i n k e d w i t h t h e V i r a s o r o a l g e b r a . 
T h e i r a m p l i t u d e s a re d e f i n e d by " f u n c t i o n a l i n t e g r a l s 
w h i c h c o r r e s p o n d t o t r a n s i t i o n a m p l i t u d e s o f quantum - mechan-
i 2 
i c a l systems o f s t r i n g s w i t h i m a g i n a r y t i m e - " The l a t t e r 
a spec t a r i s e s because t h e L a g r a n g i o n f o r a f r e e s t r i n g 
becomes the L a g r a n g i a n used i n t h e f u n c t i o n a l i n t e g r a l approach 
. „ . ? 2 on i d e n t i f y i n g y " = - t 
i e . t i s pu re i m a g i n a r y , s i n c e y i s r e a l . 
5.2 kg a 1 o g,ue Model • 
To see t h e c o n n e c t i o n w i t h the analogue model we c o n s i d e r 
the N - Reggeon v e r t e x . Wow, each a m p l i t u d e i s b u i l t up 
f r o m " r u d i m e n t a l " a m p l i t u d e s . The r u d i m e n t a l a m p l i t u d e i n 
t h i s case i s the f u n c t i o n a l average o f 
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( 2 . 5 - 3 ) 
over (P ( x , y ) on t h e u n i t d i s k ( o r , i n f a c t , any s i m o i y -
connec ted r e g i o n D ) , where j e boundary o f t h e d i s k . As i n 
o / 
K o s t e r l i t z and S a i t o ' s f o r m o f t he N - Reggeon ver tex."* 4 " 
cj : j - — > p a r t o f c u r v e i n ( x , y ) p l a n e where t he momentum 
f^CJ) i s e m i t t e d . 
^ ( f ) N momentum d i s t r i b u t i o n s c o r r e s p o n d i n g t o 
t h e N Keggeons. 
The f u n c t i o n a l average o f a. f u n c t i o n a l o f J , A( f ) 
say , i s g i v e n by 
w h e r e , 0 
I d ) - - i i t i f t * ® ) 1 } 
The method o f e v a l u a t i o n o f t h e s e f u n c t i o n a l averages 
e x h i b i t s the l i n k w i t h t h e analogue m o d e l . F o r , l e t N(%j}r') 
31 
be Neumann's f u n c t i o n f o r t h e domain D ( n o t n e c e s s a r i l y 
s i m p l y - c o n n e c t e d ) o f d e f i n i t i o n o f t h e f u n c t i o n s we are 
c o n s i d e r i n g , and make t h e change o f i n t e g r a t i o n v a r i a b l e s 
> ' where 
( a l l o w s the b t o be d e f i n e d on t h e s t a n d a r d i n t e r v a l , 
A 
O ^ J ^ n1" , i e h a l f o f t h e u n i t c i r c l e ) 
Nov/, t r a n s l a t i o n , ? ! i n v a r i a n c e i m p l i e s 
£ > * ( # ) - £ > * ( $ ' ) 
( $ ) § ' d i f f e r by a c o n s t a n t f u n c t i o n ) 
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The exponent i n the i n t e g r a n d o f the f u n c t i o n a l average i s 
Hence, 
The f i r s t f a c t o r ensures t h e c o n s e r v a t i o n o f momentum, 
w h i l e t h e exponent o f t h e second i s t h e energy d i s s i p a t e d i n 
t h e r e l e v a n t domain o f r e s i s t i v i t y ^ / 2 , w i t h " c u r r e n t s 1 1 o f 
momenta jt> ( jf ) e n t e r i n g on t h e b o u n d a r y . 
The s e l f - e n e r g i e s a re s u b t r a c t e d i n t h e d e f i n i t i o n o f 
t h e a m p l i t u d e . For example t h e W - s c a l a r a m p l i t u d e i s 
42 
d e f i n e d by ( i n t e r c e p t OC (0 ) = 1 ) 
(airj* J V v a . - ••= 
( • J i ' t , - -1^6 L self 
r - \ cl9.\ c!& [clfr-, K i . - K y i ' - J ' N/*- - > if" 
T h i s approach , w h i c h i s e q u i v a l e n t t o t h e o p e r a t o r 
L.1 42 
f o r m a l i s m , a l s o f u r n i s h e s t he measure a s s o c i a t e d w i t h .2 
d i a g r a m . F o r , i f D i s t h e domain o f d e f i n i t i o n o f o> , 
t h e n t h e c o r r e s p o n d i n g measure i s g i v e n by 
0 
For t h e o n e - l o o p case , f o r example , 
o v e r a l l j ^ ^ , d e f i n e d on the annu lus (o r t o r u s ) g i v e s t h e 
p a r t i t i o n f u n c t i o n as c a l c u l a t e d p r e v i o u s l y . 
5•3 O p e r a t o r F o r m a l i s m 
V*nen f a c t o r i z a t i o n i n t h e f u n c t i o n a l i n t e g r a l approach 
i s c o n s i d e r e d , i t i s f o u n d t h a t t h e r e l a t i o n s h i p o f (5 CT) 
to A. ( I ) 
i s t h a t o f a g e n e r a l i z e d p o s i t i o n t o a g e n e r a l -
i s e d momentum. I n d e e d , ^y*, maY D e Q u a n t i z e d as f o l l o w s 
$ ( ! ) = [ * „ f ( 
J*- ( 2 . 5 * 5 ) 
t h e c a n o n i c a l momentum b e i n g 
L» *r A -1 ( 2 . 5 . 6 ) 
where f x h 1 = i c* 
O 5 / <> V j 
and Q* Q " R a re the c r e a t i o n and a n n i h i l a t i o n o o e r a t o r s 
i n t r o d u c e d i n s e c t i o n 1. 
We may a s s o c i a t e t h i s f i e l d w i t h a f r e e s t r i n g o f l e n g t h 
Tf , i f we use i m a g i n a r y t i m e so t h a t t h e L a g r a n g i a n i s 
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( I t i s assumed, when such an i d e n t i f i c a t i o n i s made, t h a t 
t h e V/ick r o t a t i o n , t o t h e L o r e n t z m e t r i c , can be made a f t e r 
a l l c a l c u l a t i o n s have been c o m p l e t e d ) . 
F u r t h e r m o r e , t h e H a m i l t o n i a n f o r t h i s sys tem may be 
d e r i v e d f r o m t h e g i v e n L a g r a n g i a n , and i s f o u n d t o be t h e 
Nambu H a m i l t o n i a n , 
H . ^ r pa"'a" 
as i n t he o p e r a t o r f o r m a l i s m . 
Wow, t h e r e l a t i o n between < ^ , above , and o f t h e 
o p e r a t o r mode l , i s 
where jjrl = I , r e f . 2 4 . 
The e x p l a n a t i o n f o r t h e above i s t o be f o u n d i n the 
d e f i n i t i o n o f t h e s t a n d a r d i n t e r v a l f o r each case . F o r , 
G e r v a i s and oaki ta* 4 - ' use t h e h a l f - c i r c l e , O £ J ^ Tr j 
( y ~ £ b whereas i n Ramond's w o r k " ^ t he f u l l c i r c l e i s 
u s e d . 
7»'e may c a r r y t h i s t w o - d i m e n s i o n a l f i e l d model f u r t h e r 
by d e r i v i n g t h o s e o p e r a t o r s w h i c h g e n e r a t e t h e t r a n s f o r m a t i o n s 
l e a v i n g t h e L a g r a n g i a n i n v a r i a n t ( N o e t h e r ' s t h e o r e m ) . I n 
t h i s way we f i n d , 
a) 3 L { 2 iR ) i e . Mobius i n v a r i a n c e ( D u a l i t y ) 
b ) C o n f o r m a l i n v a r i a n c e ; t he g e n e r a t o r s o f t h e c o n f o r m a l 
t r a n s f o r m a t i o n s a r e t h e L n ' s : 
L„ •  y -> }' 
where „ „ 
cr) - y * n e -
( L 0 , L + g e n e r a t e 5L(2 IR )) 
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Th e o p e r a t o r s a re o b t a i n e d by e x p o n e n t i a t i n g t h e L n ' s t o 
g i v e O (G)> say , where g i s a c o n f o r m s l mapping . These a c t 
on d> as f o l l o w s , 
w i t h 
Hence, d u a l i t y and t h e gauge a l g e b r a a re seen t o be 
p r o p e r t i e s o f t h e L a g r a n g i a n , I n d e e d , f a c t o r i z a t i o n i t s e l f 
( g o i n g back t o t h e b e g i n n i n g o f t h i s s e c t i o n ) f o l l o w s f r o m t h e 
l o c a l n a t u r e o f t h e L a g r a n g i a n . Fo r , f r o m the d i a g r a m 
£ ) = £>, u£>i 
= JCc/o? + c/co 
T h i s , t o g e t h e r w i t h t h e f a c t t h a t the measure f a c t o r i z e s 
s i m i l a r l y , accoun ts f o r t h e b o o t s t r a p p r o p e r t y . 
The t h r e e r e q u i r e m e n t s , d u a l i t y , gauge a l g e b r a , f a c t o r i z -
a t i o n ( a l l g u a r a n t e e d by t h e p r o p e r t i e s o f t he L a ^ r a n g i a n ) 
r e s t r i c t t h e L a g r a n g i a n s p o s s i b l e . I n d e e d , G e r v a i s and S a k i t a 
i n t r o d u c e new L a g r a n g i a n s w h i c h y i e l d o t h e r d u a l a m p l i t u d e s 
a l r e a d y a r r i v e d a t by o t h e r means. However, f u n c t i o n a l i n t e r -
g r a t i o n docs u n i f y the d e s c r i p t i o n s o f d u a l a m p l i t u d e s g i v e n 




i h e r e i o r e 
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Remarks 
Now t h a t we have p r e s e n t e d t h r e e approaches t o d u a l 
a m p l i t u d e s , we ma/ d i s c u s s t h e m e r i t s pnd d e m e r i t s o f each 
i n an a t t e m p t t o a s c e r t a i n t h o s e c h a r a c t e r i s t i c s which might 
remain i n f u t u r e m o d i f i c a t i o n s . 
a) The Operator Formalism. 
At t h e b e g i n n i n g of t h i s c h a p t e r was p r e s e n t e d a mathemat-
i c a l model f o r c o n s t r u c t i n g a m p l i t u d e s w h i c h , s t a r t i n g f r o m t h e 
assumption o f i n f i n i t e l y r i s i n g l i n e a r t r a j e c t o r i e s and narrow 
w i d t h s , i n c o r p o r a t e d i n an a p p a r e n t l y c o n s i s t e n t manner t h e 
f o l l o w i n g a t t r i b u t e s . a) a n a l y t i c i t y b) c r o s s i n g -
symmetry c) d u a l i t y d) f a c t o r i z a t i o n ( e x p l i c i t l y 
e x h i b i t e d i n t h i s approach—Feymman - l i k e diagrams) 
e) Regge a s y m p t o t i c b e h a v i o u r . U n i t a r i t y was t o be e n f o r c e d 
p s r t u r b a t i v e l y and t h e r e were no ghosts i n t h e model. 
However, q u i t e a p a r t f r o m t h e f a c t t h a t i t d i d n o t 
produce a r e s l i s t i c spectrum, t h e r e were some drawbacks. 
The f i r s t o f t h e s e was t h a t t h e ground s t a t e was a tachyon. 
Furthermore, t h e o p e r a t o r f o r m a l i s m makes use o f t h e Koba -
N i e l s e n v a r i a b l e s w h i c h span t w o - d i m e n s i o n a l s u r f a c e s , The 
emergence o f these s u r f a c e s i n terms o f space-time i s n o t 
accounted f o r i n t h i s framework. Indeed, the s u r f a c e s p l a y 
a r o l e secondary t o t h e o p e r a t o r s i n t h i s t e c h n i q u e , a l t h o u g h 
t h e y ( i e . t h e s u r f a c e s ) g i v e the most c o n v e n i e n t t e r m i n o l o g y 
f o r d i s c u s s i n g t n e s i n g u l a r i t i e s o f t h e a m p l i t u d e 
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b) The Analogue i'iodel• 
I n t h i s approach t h e t w o - d i m e n s i o n a l s u r f a c e s ( a k i n t o 
d u a l i t y diagrams and so i n c o r p o r a t i n g something o f t h e n o t i o n 
o f quarks - c . f Chapter I ) are n a t u r a l l y .accomodated w i t h i n i t . 
However, the language of t h i s model makes no mention of space-
t i m e , nor o f i t s r e l a t i o n t o t h e , perhaps b a s i c , s u r f a c e s 
( a p a r t f r o m t h e momentum f l o w s which are c o n s t r u c t e d on t h e 
s u r f a c e s ) . Indeed, t h e r e i s no at t e m p t t o o f f e r a p h y s i c a l 
i n t e r p r e t a t i o n , as f o r example i n the f u n c t i o n a l i n t e g r a t i o n 
f o r m a l i s m ( i e . no p h y s i c a l , space-time, meaning f o r t h e complex 
plane i s g i v e n ) . The geometry and r e l a t e d c o n s t r u c t s depend 
c r i t i c a l l y on t h e E u c l i d e a n m e t r i c and Laplace's e q u a t i o n , 
compared w i t h the f u n c t i o n a l approach where a h y p e r b o l i c e c u a t i o i 
i s more a p p r o p r i a t e . Thus, i t i s q u i t e a b s t r a c t , and, as such, 
may be a f r u i t f u l area i n which t o e x p l o r e p o s s i b l e m o d i f i c a t i o n s 
and, l a t e r , . i n t e r p r e t a t i o n s , once t h e r e l a t i o n w i t h e x t e r n a l 
space-time has been e l u c i d a t e d . 
I t i s i n t e r e s t i n g t o note t h a t i f we r e g a r d t h e i n t e r -
g r a t i o n s over the' " ^ i *s a s p a r t o f t h e sum over a l l p o s s i b l e 
c o n f i g u r a t i o n s , t h e n t h e c l a s s i c a l c o n t r i b u t i o n i s the e x t r e m a l 
v a l u e o f 
w i t h r e s p e c t t o v a r i a t i o n s of t h e . This e x p r e s s i o n , 
2 ? 
w i t h o u t t he d i f f e r e n t i a l s , i s £'Iobius i n v a r i a n t i f "= m = 0. 
This i s t o be compared w i t h t h e ideas o f Chapter IV. ( i n 
f a c t t h e c l a s s i c a l c o n t r i b u t i o n i s the same i n e.ach c a s e ) . 
-o;>-
i-iov/ever, the b o o t s t r a p p r o p e r t y ( f a c t o r i z a t i o n ) i s n o t 
c l e a r i n t h e Analogue p r e s c r i p t i o n and the gauge a l g e b r a 
( r e s u l t i n g f r o m t h e c o n f o r m a l i n v a r i a n c e p r o p e r t i e s o f the 
s u r f a c e f u n c t i o n s - c . f . the f u n c t i o n a l i n t e g r a t i o n approach) 
has not been r e a l i z e d . F u r t h e r m o r e , t h e r e i s no means, w i t h i n 
t h e model, of d e t e r m i n i n g t h e measure on the space o f conform-
a l l y i n e q u i v a l e n t s u r f a c e s . The measure i s a c h a r a c t e r i s t i c 
o f t h e quantum mechanical n a t u r e o f the problem and ( s e c t i o n 
on sewing Reggeons). u n i t a r i t y . As t h e r e i s no space-time 
i n t e r p r e t a t i o n f o r t h i s model t h e q u e s t i o n of the measure 
must be l e f t unanswered. 
c) The F u n c t i o n a l I n t e g r a t i o n Formalism 
At f i r s t s i g h t t h i s approach seems t o be t h e most p r e f e r -
able of t h e t h r e e , s i n c e i t may be l i n k e d w i t h e i t h e r o f t h e 
f i r s t two i n a d i r e c t manner. I t supercedes t h e o p e r a t o r 
f o r m a l i s m s i n c e i t i n c o r p o r a t e s t h e Riemann s u r f a c e s of t h e 
Analogue Model ( b u t o n l y a p p l i e s t o o r i e n t a b l e s u r f a c e s -
i e . s p u r i o u s f r e e ) . However, a l t h o u g h f a c t o r i z a t i o n i s n o t 
m a n i f e s t i t may be p r o v e d . F u r t h e r m o r e , i t p r o v i d e s t h e 
measure and y i e l d s t h e gauge a l g e b r a , b o t h m i s s i n g f r o m t h e 
Analogue Model.. The gauge a l g e b r a a r i s e s f r o m t h e e x p l o i t -
a t i o n o f t h e c o n f o r m a l degeneracy of t h e s u r f a c e s . These 
l a t t e r p o i n t s are p o s s i b l e because o f t h e p h y s i c a l i n t e r p r e t -
a t i o n g i v e n t o t h i s approach - i e . t h e dynamics o f a s t r i n g . 
However, t h e m o t i o n o f t h e s t r i n g e v o l v e s i n i m a g i n a r y time 
( t h e '.vick r o t a t i o n has t o be assumed p o s s i b l e ) . A proper 
t r e a t m e n t ( i e . r e a l t i m e ) would, of c o u r s e , d e s t r o y the. n a t u r e 
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o f t h e Analogue geometry; t h e o n l y reason f o r d o i n g so zcy.r.iz 
t o be t o f o r c e a p h y s i c a l i n t e r p r e t a t i o n on t h e d u a l models. 
Since the l a t t e r have n o t been f u l l y developed i t would appear 
prudent t o c o n s i d e r t h e s t r u c t u r e i n t h e s e models, when expresse 
i n an a b s t r a c t , m a t h e m a t i c a l manner, b e f o r e a t t e m p t i n g t o 
impose a p h y s i c a l i n t e r p r e t a t i o n . For, t h e Koba - N i e l s e n 
7 
v a r i a b l e (and so t h e s u r f a c e s ) emerged as c o n v e n i e n t mathemat-
i c a l c o n s t r u c t s w i t h no d e f i n i t e p r e c o n c e i v e d p h y s i c a l meaning 
( i n d e e d d u a l i t y diagrams, f i r s t i n t r o d u c e d as h e l p f u l mnemonics 
do n o t have an e x p l i c i t space - time s i g n i f i c a n c e ) . 
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CHAFTER I I I 
1. I n t r o d u c t i o n 
There were a number o f approaches t o d u a l a m p l i t u d e s 
which were i m p o r t a n t t o t h e development o f t h e s u b j e c t as 
a whole. I n a d d i t i o n t o t h o s e a l r e a d y mentioned was t h e 
g r o u p - t h e o r e t i c method; 3U(1,1), 3L(2 R ) l z n l S i n v a r i a n t s , 
o r 3L(2 (E ) which l e d t o t h e V i r a s o r o a m p l i t u d e - bars and 
Gursey. however, perhaps one o f t h e most a p p e a l i n g , i n 
i t s i n t r o d u c t i o n of s t r u c t u r e i n d u a l models, was Eamond's 
13 
a t t e m p t a t a f i e l d t h e o r e t i c i n t e r p r e t a t i o n of the l a t t e r . 
I t c e r t a i n l y proved u s e f u l i n g u i d i n g r e s e a r c h e r s t o an 
e x t e n s i o n o f t h e o r i g i n a l model. 
I n Esmond's work, t h e s t r u c t u r e - 3U(1,1), gauge a l g e b r a , 
spectrum - was exposed more r e a d i l y t h a n i n o t h e r models by 
c o n s i d e r i n g f r e e wave e o u a t i o n s of hadrons i n s t e a d o f 
t h e f i e l d i n i n t e r a c t i o n i e . t h e a c t u a l a m p l i t u d e . 
As i n t h e p r e v i o u s c h a p t e r , s e c t i o n one, i t i s assumed 
t h a t hadrons have a s t r u c t u r e w i t h p e r i o d i c i n t e r n a l e x c i t a t -
i o n s . The p o s i t i o n and momentum o p e r a t o r s a r e g e n e r a l i z e d t o 
t h e Q , P ^ o f e q u a t i o n ( 2 . 1 . 6 ) , w i t h the H a m i l t o n i a n H 
( g e n e r a t i n g t h e spectrum) g i v e n i n e q u a t i o n ( 2 . 1 . 5 ) * Now, 
Ramond assumes t h a t a l l p h y s i c a l q u a n t i t i e s are averages, 
over t h e i n t e r n a l p e r i o d , o f t h e i r g e n e r a l i s e d c o u n t e r p a r t s ; 
i e . t h e average o f an o p e r a t o r A( T ) i s 
< A ( * ) > ••= ^ \ d x A W (3.1.1) 
e.g. 
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t h e p h y s i c a l p o s i t i o n and moment urn ( i n a p p r o p r i a t e u n i t s ) 
N.b. ''/hen a p p l i e d t o p r o d u c t s o f o p e r a t o r s normal o r d e r i n g 
must be e n f o r c e d . 
_ 13 < . Th-e i-ree aoson n a t i o n 
'.Ve now r e s t r i c t o u r s e l v e s t o bosons and c o n s i d e r t he 
K l e i n - Gordon e q u a t i o n f o r a p a r t i c l e o f mass m, 
l e . m i . f>b~s < £ ^ > < £ ^ J > (3-2-1) 
At t h i s p o i n t itamond i n t r o d u c e d what he c a l l e d a 
"Correspondence P r i n c i p l e " , by me^ns o f which p r o d u c t s o f 
averages were r e p l a c e d by t h e average o f normal ordered 
p r o d u c t s } 
i e . (3«2.1) becomes 
• : < £ > J P~M>\ (3.2.2) 
i e ' H - m l - O 
Hov/ever, i f we go f u r t h e r and r e q u i r e e o u a t i o n (3.2.2) 
t o h o l d f o r a l l modes and n o t j u s t t h e average ( i e . z e r o mode), 
t h e n we have 





L.., = (3-2.5) 
1° 
are t h e V i r a s o r o gauge o p e r a t o r s . ' 
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12 ( c . f . Tskabayashi, " who o b t a i n s t h e gauge o p e r a t o r s by 
r e q u i r i n g h i s wave e c u a t i o n t o h o l d a t a l l p o i n t s o f t h e 
s t r i n g - " D e t a i l e d V/ave E q u a t i o n and Dual Amplitudes".) 
Then, f o r p h y s i c a l s t a t e s j p ) > J V)» we r e q u i r e 
a- - <*> 
i e . i t i s s u f f i c i e n t t o have 
I t i s p o s s i b l e t o extend t h e above and i n t r o d u c e 
g e n e r a l i z e d L o r e n t z g e n e r a t o r s by the Correspondence P r i n c i p l e ; 
These o p e r a t o r s s a t i s f y t h e Lo r e n t z algebra. 
By i n t r o d u c i n g an i n t e r a c t i o n v e r t e x V( Z ) , f o r t h e 
em i s s i o n o f a meson, we may o b t a i n an W - p a r t i c l e a m p l i t u d e . 
However, f o r c o n s i s t e n c y , V( *C ) must be c o m p a t i b l e w i t h t h e 
gauge c o n d i t i o n s . I f we use 
vci) - : *syt>li Pc*>- ®m] • 
as i n the o p e r a t o r f o r m a l i s m , t h e n , f o r c o m p a t i b i l i t y w i t h 
t h e above r e q u i r e m e n t s , we must impose t h e r e s t r i c t i o n , 
g i v i n g t h e g e n e r a l i z e d Veneziano a m p l i t u d e . 
Having c o n s i d e r e d a f r e e boson e q u a t i o n i n t h i s w'jy, 
wh i c h y i e l d e d t he gauge a l g e b r a w i t h eftse, Hamono t h e n 
s u f g e s l e u a g e n e r a l i z a t i o n o f t h e Dirac e o u ^ t i o n , l e a d i n g 
t o an e n l a r g e r ; e n t o f t h i s a l g e b r a . 
( i ) The f o r m o f t h i s e q u a t i o n i s , by t h e Correspondenc 
P r i n c i p l e , 
where P C Z ) i s as b e f o r e and P ^ . C x - ) i s a g e n e r a l i z a t i o n 
o f t h e Uirac m a t r i c e s T f . 
To d e t e r m i n e f V C~c) Ramond r e c u i r e d 
a) t h a t they reduce t o t h e D i r a c m a t r i c e s when t h e r e are 
no i n t e r n a l e x c i t a t i o n s 
l e , 
J - i 7 
b) t h a t they s a t i s f y t h e r e l a t i o n s 
which i s t h e s i m p l e s t r e q u i r e m e n t c o n s i s t e n t w i t h t h e 
a n t i c o m m u t a t i o n r e l a t i o n s o f t h e 2^ . 
c) t h a t t h e y a l s o obey 
r % J - $ ^ f t j f c ( J . J . J , 
- f o r s i m p l i c i t y 
These t h r e e c o n d i t i o n s d i c t a t e a unique F o u r i e r 
expansion o f C K ) v i s -
es 




( i i ) The spectrum i s g i v e n by c o n s i d e r i n g 
< P - P > < r. P > - m1- - O 
i e . (3.3.5 
i e . 
t h u s g i v i n g l i n e a r t r a j e c t o r i e s . 
That p a r t o f the H a m i l t o n i a n depending on t h e c/'s i s 
and t h a t p e r t on t h e U 's 
We t h e n f i n d 
tw, / . w ] = ^/-^ (3.3.6) 
F u r t h e r , 
s a t i s f y t h e L o r e n t z a l g e b r a ; so 
g i v e t h e t o t a l g e n e r a t o r s o f t h e L o r e n t z group. 
( i i i ) As i n t h e boson case a gauge a l g e b r a emerge: 
For, i f vie d e f i n e 
as b e f o r e , and (3-3 
and r e q u i r e e q u a t i o n (3-3*5) t o h o l d f o r a l l i n t e r n ? ' ! mos 
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t h en we have 
-oo ( j > . 3 • 8} 
wr.ere ^ .^ 
•n 
D Now, t h e L n obey t h e same a l g e b r a as t h e L n , and commute 
w i t h t h e l a t t e r . Hence t h e L n a l s o g e n e r a t e t h e V i r a s o r o 
a l g e b r a . 
T h e r e f o r e , 
vihere I f ^ s a t i s f i e s e q u a t i o n (3.3.1) 
V/e may go f u r t h e r and r e q u i r e (3«3«1) t o h o l d f o r a l l 
modes, 
: Piz). Per) : - m / V > = O 
i e , 
l e , 
F <tinz: rev. P ^ J - . > l M o r 
where ' n \ ^ ( j ; . 3 • 9) 
Hence, we o b t a i n f u r t h e r gauge c o n d i t i o n s ; v i s . 
Fn l f > - 0 , / > - " , - - • (3.3.10) 
and e q u a t i o n (3-3*1) becomes 
F0 - r* = o 
U.LS. 
The F n have t h e a l g e b r a 
j "^m J " ^ t-r + ivi (3.3.11) 
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( i v ) Neveu and Schwartz'1'-' i n t r o d u c e d an i n t e r a c t i o n i n t o 
Ramond's f e r m i o n e c u ^ t i o n , by means of o v e r t e x f o r t h e 
e m i s s i o n of a meson. T h i s v e r t e x was c o m p a t i b l e w i t h t h e 
gauge c o n d i t i o n s (3«3.8) and (3*3.10) o n l y i f m^  •- - V2, 
m b e i n g t h e mass o f t h e ground s t a t e of t h e e m i t t e d meson. 
There i s , i n f a c t , a c l o s e c o n n e c t i o n between the above 
s t r u c t u r e and t h a t . e x i s t i n g i n t h e p i o n model o f Neveu and 
Schwartz"^ - t h e a m p l i t u d e o f t h e l a t t e r b e i n g o b t a i n e d by 
f a c t o r i z i n g t h e a m p l i t u d e f o r a f e r m i o n e m i t t i n g mesons, i n 
t h e quark - a n t i q u a r k c h a n n e l near the f i r s t p o l e (m~ = - 12)1 
F u r t h e r m o r e , t h e new gauge o p e r a t o r s are s i m i l a r t o those o f 
Ramond, i e . the F n, when t h e p i o n model i s f o r m u l a t e d i n t h e 
second Fock space i n t r o d u c e d by Neveu, Schwartz and Thorn. 
Now, people have proposed o t h e r e x t e n s i o n s o f t h e o r i g i n a l 
k 
moael which add t o t h e e x i s t i n g s t r u c t u r e — B a r d a k c i - H a l p e r n 
47 
and C l a v e l l i models, d e s c r i b e d i n an 311(1,1) c o n t e x t by 
Ramond.^ However, t h e Neveu - Schwartz approach has more 
gauge c o n d i t i o n s l e a d i n g t o a no-ghost theorem. (Goddard 
21 
and Thorn .demonstrate t h i s p o i n t , showing i n p a r t i c u l a r t h a t 
f o r a space - t i m e d i m e n s i o n o f t e n , . t h e Fomeron s i n g u l a r i t y 
appears as a p o l e ) . Moreover, t h e spectrum of t h e model.' 
shows c o n s i d e r a b l e improvement over t h e o r i g i n a l . '.'ve r e f e r 
t h e r e a d e r t o t h e papers quoted f o r a d i s c u s s i o n o f t-he m e r i t s 
and d e m e r i t s of t h i s model. 
The purpose o f t h i s c h a p t e r was t o p r e s e n t an a l t e r n a t i v e 
means of d e r i v i n g t h e gauge a l g e b r a i n a. s t r a i g h t f o r w a r d manner 
bu t which d i d not r e o u i r e a p h y s i c a l i n t e r p r e t a t i o n such as 
t h a t i n t h e f u n c t i o n a l i n t e g r a l approach. Furthermore, we 
d e s c r i b e d an e x t e n s i o n of t h i s w h i c h augmented t h e e x i s t i n g 
gauge a l g e b r a . This new a l g e b r a i s i s o m o r p h i c t o t h a t o f 
t h e Neveu - Schwartz model. 
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I n t h e n e x t c h a p t e r we o u t l i n e an a l t e r n a t i v e framework 
w i t h i n which may be accomodated Ramond's Correspondence P r i n c 
i p l e . Any .future m o d i f i c a t i o n s t o t h i s new approach may 
develope a l o n g l i n e s s i m i l a r t o those g i v e n i n t h i s c h a p t e r . 
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CHAPTSR IV 
I n t r o d u c t i o n 
From t h e remarks made a t t h e end o f Chapter I I i t would 
appear t h a t t h e most a p p r o p r i a t e m a t h e m a t i c a l s t r u c t u r e i s 
based on t h e language o f t w o - d i m e n s i o n a l s u r f a c e s (which 
o r i g i n a t e d f r o m quark d u a l i t y d i a g r a m s ) . Indeed, u s i n g 
t h e f u n c t i o n a l i n t e g r a t i o n f o r m a l i s m the Mobius group and 
gauge c o n d i t i o n s may be a t t r i b u t e d t o t h e p r o p e r t i e s o f t h e 
Lagrangian d e f i n e d on such s u r f a c e s . However, t h i s approach 
t o d u a l models depends on t h e , i m p r o p e r , t r e a t m e n t of a 
s t r i n g e v o l v i n g i n i m a g i n a r y t i m e . Hence, a p o s s i b l e modi-
f i c a t i o n o f p r e s e n t c o n s i d e r a t i o n s would be t o use r e a l t i m e 
i n a s t r i n g model o f h a d r o n s . s e v e r a l a u t h o r s have done t h i s , 
t a k i n g f o r t h e most n a t u r a l L a g r a n g i a n , t h e area o f t h e w o r l d -
sheet t r a c e d o u t by the s t r i n g (a d i r e c t e x t e n s i o n o f t h e 
L a g r a n g i a n f o r a p o i n t p a r t i c l e , v i z . t h e i n v a r i a n t l e n g t h 
o f the w o r l d - l i n e ) . N e v e r t h e l e s s , t h i s does i n v o l v e a 
b a s i c change i n t h e c h a r a c t e r o f t h e s u r f a c e s f r o m t h e 
o r i g i n a l f o r m u l a t i o n , the h y p e r b o l i c wave e q u a t i o n now 
b e i n g a p p r o p r i a t e , w h e r e a s Laplace's e q u a t i o n was f o r m e r l y . 
However, t h e r e i s a n o t h e r l i n e o f a t t a c k which remains 
c l o s e r t o t h e o r i g i n a l model, p r o c e e d i n g , as i t does, by a 
d i r e c t e x t e n s i o n of t h e m a t h e m a t i c a l t r e a t m e n t o f t h e Analogue 
a p p r o a c h . I t i n v o l v e s i n t e r p r e t i n g t h e complex plane (or 
r e g i o n s t h e r e o f ) as a parameter space f o r t h e d e s c r i p t i o n of 
s u r f a c e s i n a Minkowski space. The e q u a t i o n s e x p r e s s i n g 
t h e extremum o f t h e energy d i s s i p a t e d i n an Analogue s u r f a c e 
flre r e a d as the c o n d i t i o n s f o r t h e r e p r e s e n t e d s u r f a c e i n 
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j^inkowski space t o be o f m i n i m a l area. Thus, t h i s method 
i s a l s o based on the geometry o f s u r f a c e s , a l t h o u g h here 
t h e c h a r a c t e r of t h e s u r f a c e s remains unchanged ( d e f i n i t e 
m e t r i c ) . F u r t h e r m o r e , a g a i n i n c o n t r a s t t o t h e s t r i n g 
model, t h e s u r f a c e i s n o t i n t r i n s i c t o any one hadron, 
b u t i s p r i m a r i l y an e x p r e s s i o n o f t h e e x t e n s i o n of t h e 
i n t e r a c t i o n between hadrons r a t h e r t h a n o f t h e e x t e n s i o n o f 
t h e hadrcns themselves i e . t h e dynamics of t h e i n t e r a c t i o n 
i s d e t e r m i n e d by the geometry o f t h e system. For, i n t h e 
case of s c a l a r p a r t i c l e s s c a t t e r i n g f o r example,- t h e s u r f a c e 
i s bounded by t h e momenta o f t h e s e p a r t i c l e s . One consequence 
of t h i s i s t h a t we may o n l y d i s c u s s t h e s c a t t e r i n g o f a t 
l e a s t t h r e e p a r t i c l e s ( t o g i v e a f i n i t e s u r f a c e ) - q u i t e an 
a c c e p t a b l e s i t u a t i o n . 
( I t i s i n t e r e s t i n g t o note t h a t , v i a b o o t s t r a p i d e a s , 
the compositeness o f a p a r t i c l e i s the r e s u l t o f a l l p o s s i b l e 
i n t e r a c t i o n s w h i c h , f r o m the above, are governed by g e o m e t r i c a l -
c o n s i d e r a t i o n s . Hence, the d e s c r i p t i o n o f one p a r t i c l e i s 
i n some way d e t e r m i n e d by the geometry o f s u r f a c e s (Newman^) 
i e . e x t e n s i o n o f i n t e r a c t i o n o f hadrons i m p l i e s i n t e r n a l 
s t r u c t u r e f o r hadrons.) 
As a r e s u l t o f t h i s approach we f i n d t h a t we a r e 
c o n s t r a i n e d t o have a ground s t a t e o f zer o r e s t mass -
i e . no tachyon. F u r t h e r m o r e , we are able t o i n c o r p o r a t e 
Hamond's Correspondence P r i n c i p l e , i n a m o d i f i e d form, 
which a l l o w s a d e r i v a t i o n of t h e V i r a s o r o o p e r a t o r s and 
t h e s u b s i d i a r y c o n d i t i o n s ( m i s s i n g i n t h e Analogue app r o a c h ) . 
Moreover, by the v e r y n a t u r e o f t h e model t h e r e i s a d i r e c t 
correspondence between the i n t e r n a l and t h e e x t e r n a l c o o r d i n a t e s 
which i s such t h a t " r o t a t i o n s " o f t h e l a t t e r ( L o r e n t z group) 
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appear as l i n e a r f r a c t i o n a l t r a n s f o r m a t i o n s of the complex 
p l a n e . I n f a c t , t h e Lorentz group, a c t i n g on t h e momenta, 
m a n i f e s t s i t s e l f on t h e Koba - N i e l s e n v a r i a b l e s as Mobius 
t r a n s f o r m a t i o n s . T h i s f a c t adds t o the r e l e v a n c e o f t h e 
work o f Domokos e t a l , Bars and Gursey, Bacry and B r i n k , 
who assumed the above i d e n t i f i c a t i o n . Indeed, t h e i n t e r n a l 
group, SL(2 fR or (C )» had assumed such a paramount r o l e 
i n d u a l models t h a t v a r i o u s a u t h o r s (Ramond and C l a v e i l i ) 
d eveloped a group - t h e o r e t i c a l p r e s c r i p t i o n f o r c o n s t r u c t i n g 
d u a l a m p l i t u d e s based on t h e r e p r e s e n t a t i o n s o f SL(2 IR ). 
(SL(2(£ ) a p p l i c a b l e i n the c o n t e x t o f the f u l l p l a n e , l e a d i n g 
t o . V i r a s o r o - t y p e a m p l i t u d e s eg. Bars & Gursey; S h a p i r o -
Z-^ 's a l l o w e d t o roam over t h e f u l l sphere i n s t e a d o f o n l y 
a c i r c l e . ) 
However, t h e r e remains t h e problem of i n t e r p r e t i n g t h e 
s u r f a c e s i n a spsce-time c o n t e x t . Ln the s t r i n g model t h i s 
i s a p p a r e n t l y s t r a i g h t f o r w a r d ( v i z . w o r l d - s h e e t ) , a l t h o u g h 
t h e r e i s t h e problem of i n t r o d u c i n g an i n t e r a c t i o n between 
s t r i n g s i n a g e o m e t r i c a l manner. R e c a l l i n g t h e o r i g i n of 
t h e Analogue s u r f a c e s ( d u a l i t y diagrams) one might expect 
th e r e p r e s e n t e d s u r f a c e s t o r e t a i n some o f t h e c h a r a c t e r i s t i c s 
o f a q u a r k - l i k e s t r u c t u r e , a l t h o u g h a t p r e s e n t i t i s not a t 
a l l c l e a r how t h i s i s r e a l i z e d . F urthermore, a t f i r s t 
s i g h t the boundary appears u n u s u a l - the momenta b e i n g 
t a n g e n t i a l r a t h e r t h a n normal t o t h e " i n t e r a c t i o n r e g i o n " . 
However, (see s e c t i o n 1-4- ) by t a k i n g the r e a l p a r t i n s t e a d 
of t h e i m a g i n a r y p a r t o f t h e "complex p o t e n t i a l " we may 
o b t a i n a s u r f a c e w i t h a t y p i c a l boundary 
1A 
T h i s p o i n t may be r e s o l v e d once the s u r f a c e i t s e l f has 
been g i v e n an e x p l i c i t meaning. 
On a note o f s p e c u l a t i o n , t h e a u t h o r would l i k e t o 
draw t h e r e a d e r ' s a t t e n t i o n t o some work o f ftewman and 
o t h e r s i n which i n t e r n a l s t r u c t u r e i s g i v e n t o p a r t i c l e s . 
The dynamics ( v e l o c i t y and a c c e l e r a t i o n of t h e p a r t i c l e -
non-quantum t r e a t m e n t ) i s determined by a t w o - d i m e n s i o n a l 
geometry. I n f a c t , t h e d i s t o r t i o n s of t h e s u r f a c e of a 
sphere i n t h r e e - s p a c e y i e l d t h e i n t e r n a l degrees o f freedom 
o f t h e p a r t i c l e . S i m i l a r l y , i n t h e paper by Goto and H.?ra, 
d e f o r m a t i o n s o f a sphere ( a l s o i n space - n o n - r e l a t i v i s t i c 
t r e a t m e n t ) produce a. h a d r o n i c spectrum i n c o r p o r a t i n g 5U(3) 
w i t h o u t q u a r k s . These i n d i c a t i o n s may p r o v i d e an i n t e r e s t i n g 
l i n e f o r f u t u r e r e s e a r c h . 
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1. .-'iinimal Surfaces i n Minkowski Space 
A. C1 -rj s ? i c <r* 1 De s c r i n t i o n 
1.1 Representation of Surfaces. 
V/e f i r s t i n d i c a t e how surfaces i n a Euclidean space 
pre described, given a boundary ( J . Douglas,1"' ft. Courant, > 
f o r example•} 
Suppose we are given a s e t of k contours ( f ) i n t h i s 
Euclidean space, each of d e f i n i t e sense; then we may constru c t 
a surface *8 of a prescribed t o p o l o g i c a l type - v i s . genus /> , 
and e i t h e r o r i e n t a b l e or non-orientable - bounded by ( P ) 
as f o l l o w s . 
Let R be any symmetric ftiemann surface ( i e . there e x i s t s 
• 49 
an i n v n l u t o r y t r a n s f o r m a t i o n T of ft onto i t s e l f . ) , •.••/hose semi-
49 
surface, R , has genus ft and k boundaries (C) which are 
t o p o l o g i e s l i y eouivalent t o ( P ). Further, i f we allow 
X^u, (u,v) t o be any s i n g l e - v a l u e d , continuous vector f u n c t i o n 
which takes the same value at conjugate points ( i e . points 
equivalent under T) of R, and which a l s o maps (C) i n t o ( P ), 
then the surface traced out by X y ~ , of genus p and bounded 
by ( H ), i s o r i e n t s b l e or not o r i e n t a b l e according as ft i s 
49 / 
of the f i r s t or second kind i n the ftlein sense d e . wnetr.er 
the locus of points i n v a r i a n t under T separates ft or not) 
i e . X^u. transforms R ' t o p o l o g i c a l l y into^S. This i s a 
p a r t i c u l a r r e p r e s e n t a t i o n of J}. The most general represent-
a t i o n i s obtained by t o p o l o g i c a l i y t r a n s f o r m i n g ft i n t o i t s e l f 
o r a homeomorphic surface w h i l e preserving conjugate p o i n t s . 
7:e denote a p a r t i c u l - r r e p r e s e n t a t i o n by (g, ft) i f g maps the 
boundaries (C) of R i n t o ( P ). 
. i n the language of references 3^>31, ^ i s the 
ochottky double of k', the locus of those points i n v a r i a n t 
under T being the boundaries of the open surface. 
Now, Any Riemann surface of genus p and assigned o r i e n t -
a b i l i t y may be represented by the fundamental region of a 
group of l i n e a r f r a c t i o n a l trans.form-"tions (eg. j . i u r n s i d e ^ , 
32 
Lenner ), i e . the automorphic group of the surface. 3o, 
any surface i n Euclidean space, or Minkowski space i f the 
metric i s space-like ( f o r i f t h i s i s not so then the metric 
i s i n d e f i n i t e and so c l e a r l y the surface cannot be conformal 
t o a region of the Non-Euclidean plane), may be represented by. 
• 3-0 32 
a normal polygon ' *" (fundamental region) i n the complex plane 
together w i t h a mapping of the boundaries of the polygon i n t o 
the boundaries of the surface. 
1.2 Plateau's Problem:- b r i e f l y s t a t e d i s 
To f i n d g and X ^ ^ v ) such t h a t the area of the surface 
Jfi (NB. t o p o l o g i c a l character already prescribed) i s a minimum. 
For a f u l l e r statement and discussion of the problem v;e 
r e f e r the reader t o J. Douglas^*-' and Pi. C o u r s n t ^ . S u f f i c e 
i t t o note here t h a t f i r s t l y , i f isometric parameters are used, 
then Euler's eouations f o r the extremum of the area of % reduce-
t o the requirement t h a t each (u,v) be a harmonic f u n c t i o n 
of ( u , v ) . Secondly, the corresponding D i r i c h l e t i n t e g r a l , 
the energy i n t e g r a l of the Analogue i-:odel, ecuals the ."res 
i n t e g r a l (up t o a f a c t o r of 2) when isometric coordinates'are 
employed. rience, a minimisation of t\~? former, t o r i v e the 
c l a s s i c a l p o t e n t i a l , implies the minimisation of the l a t t e r . 
Therefore, by v a r y i n g the boundary conditions of the Analogue 
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Moriel (•.vhile m aintaining the same contours of the surface 
boundary) t o reach an extremum of the energy i n t e g r a l 
(corresponding t o the v a r i a t i o n of g ) , we ."nay solve Plateau's 
Problem; f o r we know the s o l u t i o n t o t h e ^.nalo^ue or obi em 
(given by 2£,29,3^,31 and also by J. Douglas 49)• 
1. 3 C h a r a c t e r i s t i c Ecu^tion f o r Minimal Surfaces . 
Since, using i s o m e t r i c parameters, Euler's ecuations 
f o r the fires f u n c t i o n a l imply t h a t X ^ O d j v ) are harmonic, we 
may regard them as the imaginary parts of holornorphic f u n c t i o n s 
f ( z ) . w i t h z = u + i v . 
i e . " *" L X ' C U ' " J 
where i s the conjugate harmonic f u n c t i o n ( i e . the p o t e n t i a l 
i f X^, i s the streamline f u n c t i o n i n the Analogue language). 
Then, using the Cauchy - Riemann equations, we obt a i n 




i.e« the metric i s 
Hence, 
5 ° (4.1.2) 
f o r isometric coordinates ( u , v ) . 
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Therefore, i f vie have a harmonic vector f u n c t i o n , then 
i t describes a minimal surface i f the corresponding charact-
e r i s t i c equation (4-1.2) i s s a t i s f i e d * i-'or i f t h i s i s so, 
then the parameters (u,v) are i s o m e t r i c , thus implying t h a t 
Suler's equations (now Laplace's equation) have the above 
vector f u n c t i o n as a s o l u t i o n . 
Null Coordinates (required l a t e r ) 
These are defined by 
c/sl= o dj>d<t =o 
v;here ( p j % ) are n u l l parameters. I f we have a p a i r of 
coordinates ( u , v ) , v/e may put 
and = J, = u.-Lir j g i v i n g 
where 
Iff = £ *-G 
4 6' = B -G *2* F • 
vvhen (u,v) are i s o m e t r i c , then (4.1.2) implies 
* (4.1.3) 
KB. The element of ^rea i s 
f o r n u l l coordinates. 
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3. Quantisation of C h a r a c t e r i s t i c Equation 
1./+ Subsidiary Conditions and Absence of Tachyon 
Since there i s no d i r e c t p h y s i c a l model we cannot 
quantize i n the manner of the f u n c t i o n a l i n t e g r a t i o n formalism. 
However, we may expand the surface v e c t o r f ^ ( z ) i n powers of 
1 3 14 
z, w i t h operator-valued c o e f f i c i e n t s , s i m i l a r t o Ramond-"" ' 
so t h a t 
i s a harmonic operator-valued f u n c t i o n . ( c . f . equation (2.2.4)) 
(X, F are the quantized forms of x, f r e s p e c t i v e l y ) . 
We then r e q u i r e (u,v) t o be iso m e t r i c parameters 
i e . (4.1.2) must ho l d ; since 
^ ^ cLj^ ^ e t c . as given i n chapter I I ) , then 
where, 
i e . the usual Virasoro operators w i t h the gauge algebra 
I n t h i s way we incorporate Ramond's method of d e r i v i n g the 
gauge algebra. 
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Hence, our "eouations of motion" reduce t o 
£ u y -- o 
- oo (4.1.6) 
f o r a l l z. However, t h i s , i s too s t r i n g e n t a c o n d i t i o n . 
The s i t u a t i o n i s s i m i l a r t o t h a t i n Q.E.D. where we do not 
s t i o u l a t e t h a t 
* A ^ p h y s i c a ^ = O 
but merely t h a t 
f ^ / r * 3 | p h y s i c a l > - 0 
52 ( \ (Schweber p 246), where tf1 ^ +' i s the d e s t r u c t i o n p a r t 
of fp. 
I n our case, we r e q u i r e (4-1-6) t o hold only between 
phy s i c a l s t a t e s . Therefore, we have the gauge c o n d i t i o n s 
in I p h y s i c a l ^ = O . (4.1-7) 
f o r n = 0,1,2, 
NB. f o r no i n t e r n a l e x c i t a t i o n s 
U = />* = o 
i e . the ground s t a t e has zero rest-mass. 
(Gauge c o n d i t i o n s a l s o obtained i n t h i s way by Minami^ •) 
1,5 Q.E.D. Analogy 
The comparison w i t h Q.E.D. may be extended i n 3 formal 
manner as fo l l o w s - I f we w r i t e 
and put 
F = P^Qv - KQj» 
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then, the area Lagrangian £3 may be expressed 3 s 
? 2 since E = ? , F = P.Q, 6 = Q 
52 
• Now, i n Q.E.D. v a r i a t i o n of the Lagrangian y i e l d s 
only provided 
i e . />• * = ° 
Therefore, by i d e n t i f y i n g P^, k and i GL, *-» - £ ^ 
the gauge c o n d i t i o n reads 
P.Q. = F = 0 
which i s part of the c o n d i t i o n f o r isometric coordinates 
( l e a d i n g t o Laplace's equation analogous t o Q A^, ~ O • ) 
Indeed, i f we consider the equation f o r a scalar p a r t i c l e 
of mass m co n t a i n i n g the e f f e c t s of the electromagnetic f i e l d 
53 
(Feynman , P r i n c i p l e of Minimal Electromagnetic Coupling) 
and w r i t e down the analogous equation f o r zero mass, 
( £ * ^ y = 0 
then we obtain the c h a r a c t e r i s t i c equation 
i e . E - G - f c i F - 0 
The "square r o o t " of t h i s equation may give the analogue 
t o Ramond's g e n e r a l i s a t i o n of the Dirac equation, although i n 
our case, zero mass, the neu t r i n o equation would be more 
appropriate ( c . f . s e c t i o n 3)-
NB. i n the usual f o r m u l a t i o n s of the o r i g i n a l dual model 
was t r e a t e d as a moment am v a r i a b l e also. 
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Remark I t has been suggested"^'1" t h a t the c o m p a t i b i l i t y of 
Poincare invarisnce w i t h the dynamical r e a l i z a t i o n of d u a l i t y 
might lead t o a s i t u a t i o n of no ghosts. The authors of the 
r e l e v a n t paper c i t e the case of quantum electrodynamics i n 
V.'hich the c o m p a t i b i l i t y between Poincare invariance and long-
range i n t e r a c t i o n gives c o n s t r a i n t s , the gauge i d e n t i t i e s , 
which destroy the ghosts. They then proceed t o c o n s t r u c t 
a model, " r e l a t i v i s t i c s t r i n g " , i n which the equation of 
motion (of the s t r i n g ) appears as 3 geometric c o n s t r a i n t i n 
Minkowski space; the gauge c o n d i t i o n s are a consequence of the 
geometric nature of the model. 
I n the approach advocated i n t h i s chapter a s i m i l a r 
s t a t e of a f f a i r s e x i s t s from a geometric p o i n t of view - the 
Lagrangian i n each case i s a geometric i n v a r i a n t v i z . an area.. 
The s u b s i d i a r y c o n d i t i o n s f o l l o w from the minimisation of the 
r e s p e c t i v e areas. 
However, i n our approach, the r e c o n c i l i a t i o n of the 
extended nature of the i n t e r a c t i o n of hadrons w i t h Poincare' 
inv a r i a n c e leads t o the i n t e r n a l symmetry group SL(2 <C ) 
( s e c t i o n 3)• 
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2. Discussion of the Minimal Surface. 
55 
2.1 The S c a t t e r i n g of N Scalars. 
I f we consider the case of N scalars w i t h momentum 
jp J*' , i = 1, , to, then i n the Analogue Model the Born term 
corresponds t o the c u r r e n t d i s t r i b u t i o n on a simply - connected 
surface - u s u a l l y taken to be the u n i t d i s k . The complex 
p o t e n t i a l f o r N c u r r e n t s ^ e n t e r i n g the disk at the 
p o i n t s z t i s 
Now, according t o t h e c h a r a c t e r i s t i c equation (4.1.2), 
describes a minimal surface i f and only i f 
z £ £ — . - o j ^ (4-2.2) 
For z ~- z^, i n t h i s equation, the dominant term i s 
p r o p o r t i o n a l to ft = m . Hence, we must have a l l ground 
t h 
masses zero. The above expression i s equivalent t o a. (to - 2) 
order polynomial i n z. However, the c o e f f i c i e n t of }-N'x is 
21 />. ./>• = ^Z/>) - £? (c onservation of momentum). Hence, we 
have (N - 3) c o n d i t i o n s t o be met by the. Zj_, which c h a r a c t e r i z e 
the para/netrization of the boundary. These (N - 3) c o n s t r a i n t s 
determine the (N - 3) Chan v a r i a b l e s i n terms of Lorentz 
i n v a r i a n t s (formed f r o m the ) 
Wow, equation (4.2.2) i s equivalent t o 
_ h u 
Lji L\-WU>-\) l >- >; (4.2.3) 
^ /? jb where • - Z~ _ 
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i*. e. 
However, (4.2.3.) must hold f o r a l l z, i n pa r t i c u l . - i r f o r 
Hence, a^ = 0, i s e q u i v a l e n t t o (4.2.2) 
We may o b t a i n t h i s r e s u l t by minimizing the energy, 
Zfc pj I % - J; \j w i t h respect t o each z±. ) 
'" lj - O 
(4-2.4) 
This equation i s i n v a r i a n t under SL(2 <L~- ) t r a n s f o r m a t i o n 
<x v + @ 
of the z's ( i e . V -> r ). For, 
T> ]f + o 
u - I 
q - »0 
= 0, i f and only i f = 0, f o r u,v are q u i t e a r b i t r a r y . 
The invariance under the given transformations f o l l o w s since 
the c o e f f i c i e n t of ^ . Jb> i n the f i r s t expression i s a cross-
r a t i o . Therefore, we should be able t o express our s o l u t i o n s 
i n the form of c r o s s - r a t i o s (SL(2<£ ) i n v a r i a n t s ) or e q u i v a l e n t l y 
i n terms of Lorentz i n v a r i a n t s . This p o i n t i s c l a r i f i e d i n 
s e c t i o n 3« 
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2.2 E x p l i c i t Example 
For the case of N = 5, the c o n d i t i o n s t h a t the surface 
i s minimal are 
and 
I f we define 
X = - , X'= i-x 
and 
(h h) ih~ h) J corresponding t o X' , 
then x i s the s o l u t i o n t o (Appendix A5) 
* + = i 
*• (4.2.5) 
- the other c r o s s - r a t i o s obeying analogous equations. 
For the f o u r - p o i n t case the s o l u t i o n s i m p l i f i e s t o 
This leads t o the f o u r - p o i n t c l a s s i c a l amplitude 
/U*, *,*:>- (-0 < ^ f-*J (4.2.7) 
using s + t + u = 0. This i s Hegge behaved as S-> oo^ t> 
f i x e d , f o r 
A -> t t s 
( S —> - ©*> , i s s i m i l a r ) 
I n order t o t r e a t the general case i t proves t o be 
convenient t o introduce spinors a l l i e d w i t h some m o d i f i c a t i o n 
of a work of Hisenhart on surfaces i n f o u r dimensions. This' 
i s presented a f t e r a d i s c u s s i o n of the boundary of the.minimal 
surface. 
2.3 The Boundary of the Born Term Surface 
The minimal surface i s given by 
= Z > <p. (4-2-3) 
f o r Zj_ s a t i s f y i n g the c h a r a c t e r i s t i c equation (4*1.2); "where 
Pi = (y-y. ) 
Let y. - >g ''• , -l sr^1" ^  » so t h a t the boundary i s 
given by r* = / ' ' 
Then we have, 
v:here , , 
and 
w i t h 7~ = / - £ j £ 0 ( f o r r = l (4.2.8) describes 
f o u r points as z v a r i e s over the u n i t c i r c l e , i e . jumps 
from p o i n t t o p o i n t ; we o b t a i n the boundary by z t r a v e l l i n g 
j u s t i n s i d e y = 1 ) 
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i" 02 
V/e now out 
so t h a t 
Then 
So t h a t as 9 crosses 0j , .X goes from +• -JA 
through Xj , at & = &j , t o X- - $ ft. . 
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Figure of Boundary 
As f \ then X remains a t each vertex f o r a. 
longer p e r i o d , u n t i l 7~ reaches 1 when 
- stream-function f o r the Analogue Problem. 
2.4 The General S o l u t i o n t o the C h a r a c t e r i s t i c Equation 
From the r e s u l t s of Appendix A4 we have a general 
expression f o r a surface i n Minkowski space. However, from 
the Analogue approach we also have an expression f o r the 
stream f u n c t i o n i e . f o r c e r t a i n values of the z^, the minimal 
v e c t o r . Therefore, by imposing the general form on the Analogue 
f u n c t i o n we may determine those z± which s a t i s f y the character-
i s t i c equation. 
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Then, using the general form f o r we f i n d t h a t 
4-9 = i £ (kl - if>])[ O - W >;J " 2 ] 
4f = -L .2 C/>; - / • ) I a-ij)(°3 a- J;J - J- ) 
{ g , f and t h e i r r e l a t i o n t o X^u, are given i n Appendix A4-) • 
Using these expressions we may c a l c u l a t e X^. and equate 
i t t o the stream - f u n c t i o n above. We f i n d t h a t , f o r 
consistency, we r e q u i r e 
A' * 
V = 
Pj ~ />• (4.2.9) 
i e . each four - momentum determines a p o i n t i n the complex 
plane. 
7»'e may understand t h i s r e l a t i o n by n o t i n g t h a t f o r z 
close t o z ; , clx ^ -\- ~r fi , from the stream -
f u n c t i o n ( £ - y - y^. ^ <p )• More g e n e r a l l y , f o r 
a. d i s t r i b u t i o n of momenta t Ji) ^eggeon) v/e have 
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where Pj^ ( f j ) ±s spread over Z- . hence, at 
}• - w e o b t a i n 
a o - i $ a) 
since ^ JTJ, ^ f£j , f " - > ~ £ 
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3• Re l a t i o n Between I n t e r n a l and External Symmetries 
3.1 Soinors and SL(2 (P ) 
In order t o see the convenience of i n t r o d u c i n g s p i n o r s , 
f i r s t consider the n e u t r i n o - type equation (KB. the ground 
s t a t e i s massless), 
v/here 
J - Ci)3 
(4.3.1) 




This i m p l i e s t h a t the s o l u t i o n s a t i s f i e s 
h * L h 
Nov/, the Lorentz group has the a c t i o n 
'<= r , at, 
>>T, 
(4.3.3) 
,*/- he = / 
l e , 
y r s 
i e . a f r a c t i o n a l l i n e a r t r a n s f o r m o t i o n . 
> 56 
This suggests t h a t i n Eisenhsrts modified equations 
we should choose the parameter z as 
(4.3.4) 
which would lead t o eauation (4»3«3) 
I t i s i n t h i s manner t h a t the i n t e r n a l group 5L(2 (P ) 
i s d i r e c t l y r e l a t e d t o the Lorentz group (indeed the Poincare 
group since c/x^, i s the r e l e v a n t q u a n t i t y ) a c t i n g on 
Minkowski space ( X-^** )• 
3.2 Cross-ratios 
We now r e t u r n t o the problem of the s o l u t i o n s t o the 
c h a r a c t e r i s t i c equation which, we s a i d , could be expressed 
e i t h e r as c r o s s - r a t i o s or i n terms of Lorentz i n v a r i a n t s . 
I n the f o l l o w i n g we make the r e l a t i o n between these forms 
e x p l i c i t , using the spinors introduced i n (3. 1 ) . 
For, given two spinors ^ j J w e mBY i > o r ! T 1 t n e Lorentz 
s c a l a r 
jT c 1 - T,\-U1. 
w i t h / o i 
C - (-. o 
Hence, i f we associate a spinor J ° J w i t h each momentum 
such t h a t 
h - n / f i > 
we may w r i t e ^ 
^ ( ' J 
being a n o r m a l i s a t i o n 
f a c t o r depending only on p J . Then 
f P ^ T r TL - a/ a/- ^ \ 
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so t h a t , f o r example, 
[inTcr][(rfc 
[Lrfcp][[r)Tcr 
which i s Lorentz i n v a r i a n t . 
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Conclusion 
So f a r we have only discussed the C l a s s i c a l Born term. 
For higher order terms the procedure would be s i m i l a r t o 
t h a t employed by Lovelace and Alexandrini i n the p e r t u r b a t i v a 
approach t o the dual model, although, as i n the Analogue 
Model, there i s no p r e s c r i p t i o n f o r a measure, since as y e t , 
time i s not incorporated. I n f a c t , Douglas used the theory 
of Abelian I n t e g r a l s t o c o n s t r u c t s o l u t i o n s t o the Plateau . 
Problem i n terms of multi-dimensional theta f u n c t i o n s . 
However, there remains the d i f f i c u l t y of c a l c u l a t i n g the 
Quantum Born term, which involves the f u n c t i o n a l i n t e g r a t i o n 
2 
of EG - F over a l l and boundary parametrisations. 
vVe cannot assume t h a t the Quantum Born term i s p r o p o r t i o n a l t o 
t o the C l a s s i c a l expression, as i n the case of a quadratic 
57 
Lagrangian (Feynman^f Hibbs ) . The string-model also faces 
t h i s problem, which i s s i m i l a r t o the q u a n t i s a t i o n problem i n 
53 
General R e l a t i v i t y . 
Nevertheless, i t i s the view of the author t h a t the 
importance of dual models l i e s i n the emergence of a set of 
mathematical c h a r a c t e r i s t i c s f o r a. s t r o n g i n t e r a c t i o n theory. 
These a t t r i b u t e s ( d u a l i t y or SL(2 ) i n t e r n a l symmetry, 
conformal invariance leading t o no ghosts) have been combined 
i n an approach which has no tachyon and also r e l a t e s the 
i n t e r n a l symmetry t o the homogeneous Lorentz group. I n f a c t , 
there i s a r e l a t i o n between the i n t e r n a l coordinates (z) and 
the e x t e r n a l Minkowski space. Furthermore, the surface i s 
12 
extended ( c . f . 'Takabayashi, d u a l i t y a consequence of hadrons 
being extended) i n Minkowski space, but i t i s not yet c l e a r 
how t o regard t h i s p o i n t . The world-sheet of the r e l a t i v i s t i c 
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s t r i n g model also e x i s t s i n Minkowski space (here i t i s r e a l 
space-time), but the former cannot be i n t e r p r e t e d i n the 
same manner. However, what does seem important i s the 
geometry, i e . the m e t r i c , f o r i t i s the l a t t e r which appears 
i n the equations governing the model - i e . a l o c a l c o n d i t i o n . 
The s t r u c t u r e obtained using the approach of the present 
chapter i s s i m i l a r i n some respects t o t h a t advocated by some 
authors on homogeneous space techniques,^'' by means of which 
i n t e r n a l degrees of freedom are given t o a system. These 
degrees of freedom span a. homogeneous space of the Lorentz 
group. I n f a c t , as explained i n the i n t r o d u c t i o n , Bacry 
8 
and Nuyts suggest an i n t e r n a l space composed of two-dimensional 
complex spinors (replace z by ^ = £ f , j H ) ). 
Furthermore, now t h a t the relevance of the Lorentz group 
t o the i n t e r n a l symmetries i s understood, i t may be possible 
t o include h a l f - i n t e g e r s p i n i n the framework;, perhaps by 
a t t a c h i n g s p i n coordinates a t each p o i n t of the surface. 
The preceding sentences suggest t h a t , i f t h i s approach i s t o 
prove f r u i t f u l , one should consider ways of i n t r o d u c i n g the 
remaining two coordinates. The Koba-Nieisen v a r i a b l e z may 
be regarded as a. stereographic p r o j e c t i o n from a sphere i n 
three-space. This may lead t o a connection w i t h some of the 
59 
ideas of Newman e t s i , i n whicn a two-dimensional geometry 
determines the dynamics of the p a r t i c l e . 
However, the present f o r m u l a t i o n does allow the r e t e n t i o n 
of the desirable c h a r a c t e r i s t i c s of dual models, while evading 
the tachyon, and also provides a possible framework on which 
t o b u i l d extensions t o achieve h o p e f u l l y , more r e a l i s t i c 
conseouences. 
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Al Cylinder C a l c u l a t i o n 
Z Sin nx. ( O f sunk nij *• <• °« ^ " 9 J 
+• cosnx. ( sCnh f"j + d f ' c o sk ny) 
A/ oo 
- - - Z Z. (sufinx + Coc fix. coingcJ 
~Z Z. Z. ^^^gCnnK $Ln r\<2> + Cos flic ca nft ) 
a 
JTn cosh ftp' 
£/>e.r3y = £, - <rj I f * 
+ a- Z 2 t.t "»*r*j-M 
i'i j»i u J nsinhznfi' 
a z ^ r .3, IMP 
J an J 'J 7-TT J J V 




A2 Mobius C a l c u l a t i o n 
r = Z. cosh ny \_Q^~ Sin nx +- b^<-osnjc^ 
<- ii.nl) n^i y £ Sin T^Tjc * c o s > 
I 
e / i c e 





co s r, fa - cos/> />p c« - J) f 04- - J s A A fa -J j(? 
Cn-i) cosh Cn-{)$ 
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A3 Me?sure C a l c u l a t i o n 
a) Consider the matrix A, and diagonalize i t by means of 
a matrix ts such t h a t 
0'A 8 = diaa CK-'-J\M)= 0 
and 
Q' ft 
W r i t i n g j§ 
we f i n d also 
= Ql e g . (&s ••• , 
o - i 
- i o - i 






- I D 







This r e o r d e r i n g leaves the determinant unchanged; 
f o r , t o f i n i s h up w i t h a l l ^ 5 diagonal reouires t h a t the 
p a r i t y of row changes eoual the p a r i t y of column chanres. 
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Thereiore, 
b) Determin-!tion of A 
vve wish t o solve 




- i a -/ 
- I a 
0 
a* = 4- - ~X 
j 1 
- CL 
s*n (KJ+ i ) oc 
St. n CL 
wnere 
Hence, 
CL = Xcos cC 
= o j f or cL - cCi 
\i = 4. - z cos ta 
r M*I 
c ) Determination of \ Aj,\ 
e note t h a t 
>-2 • h N 
JA>/ = \ f i C M „ - X c H . x - i 




/ Aj, \ 
where, 
.a 
Therefore, f o r /> 4< N 
i / TT 
' "> - 7 7 7 T 
I f v/e denote the r a t i o of the circumference t o the len g t h 
of the c y l i n d e r network by k = M/N, then 
as hi -» oo (dense.Feynman net.) 
Hence. i 
By p u t t i n g 
we o b t a i n 
i 
d) The Functional I n t e g r a t i o n over K • 
° o n s i d e r ' i = | «j< l-^Y,LY]aYJ 
where Y = ( y .... H ) i L symmetric. Then, i f L = B DB, 
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D = diag { ^ i j ' ' " • " j dn ), we may w r i t e Y = BY t o give 
*a' j-i J • 
n 
S i m i l a r l y , 
| ^>[-<rrr X'JfXjclX * l ^ \ J , \ } ' \ 
2 
X being a MN = kN row matrix; the Lorentz index makes 
each i n t e g r a l f o u r - f o l d , g i v i n g the power - 2. 
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M- M o d i f i c a t i o n of Eisenhart's Ecuations, 
Let (fa Z) describe a surface imbedded i n Minkowski 
space. Then 
JS7- = * G^Z1 (A4.1) 
where 
and the element of area i s 
We wish t o minimise J"^" <?/g 5 t n e Euler 
eoustions are (Forsyth p.313) 
(A4.3) 
I f we now use n u l l parametric coordinates, 
i e . E = 6 = 0, these equations reduce t o 
Hence = ( f u n c t i o n of ^ ) + ( f u n c t i o n of £ ) 
These f u n c t i o n s are only constrained by the conditions 
E = 0 = 6 
Now, E = 0 implies 
.a*1 ax 3 
* 'a/ 
9 " a> a> a> 
= some f u n c t i o n of -j>. (A4.5) 
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We may define by s e t t i n g i t equal t o these f r a c t i o n s 




—. ^ i op "P 
(A4.6; 
say 
since e^ -ch side i s a f u n c t i o n of p only. 
Therefore, s o l v i n g f o r ^^/hji we f i n d t h a t 
( A W ) 
•.ve apply s i m i l a r considerations t o G = 0, w i t h 
r e p l a c i n g -f f/0 > ^ f Z) r e p l a c i n g q ff>) . Now, 
because X.^~ ( j LZ ) describes s r e a l surface i n Minkov, 
space we must have f) conjugate t o £ , and s i m i l a r l y ~ 
0 ^ = y, . Then, i n t e g r a t i n g (A4.7), we o b t a i n . 
x' ° a. At L H ' - 5 - 3'J 
x- = x RcfLff'-f M'J 
x 3 = a £e I 3 ~ / ' J 
-106-
In (AA.8) the f u n c t i o n s ^(ft) » ^ T / J j a r e completely-
a r b i t r a r y . 
I f we put /> ° ^ - " *• <•* w , <Z = p = •« - * ^ 
then ( f (1.3) of Chapter IV) we see t h a t u,v 3re isometric 
parameters. 
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A5 The f o u r & f i v e p o i n t f u n c t i o n s . 
a) L-point we r e q u i r e the s o l u t i o n t o 
T - n , • • • • , 
• ^  " U J ( t a k i n g j = ) ) 
ae. 
- o 
h -y?. h~ h y, - \ " (A5.1) 
vve use the n o t a t i o n " } ~ ft ~ Y; • 
M u l t i p l y i n g equation (A5.I) by [l+X3 we ob t a i n 
CiO *" " 0 
l e , 
i e . 
l e . 
£30 £2-0 
£'^]£3^3 _ _ f u j 
i e . 
5" 
it) - - ' 
a. 
(A5.2) 
- l O o -
b) 5-point I n t h i s case we have two c o n d i t i o n s . ' '.7e may 
take ^ 
i - i h -3-1 ' (A5.3) 
These may be w r i t t e n 
(>i) + (lit)*. + (i*) y - O 
(A5-U 
+ ^ x s ) ^ - ° j using the previous 
notation,•and where 
£2-0 P3j _ £Z5JC'33 
E l i m i n a t i n g y we o b t a i n 
I f we put 
X (a) (u*) ^ ^ £HK"«0 •> corresponding t o x 
Sc. (1 - x) r e s p e c t i v e l y , then we may show t h a t the above 
equation becomes 
x1- *• f x ' - x - ' J J t 
i e . >< X' | where x'= f'--*.) } U5.5) 
[ . * + = 1 j 
A s i m i l a r equation holds f o r y. 
Note. For the 4-point case )( = ^  J X = ( t ) 
Kence, 
x i f t - ^ ^ - a l - t ^ x * uSt,-1- =0} 
i e . 
.X - - equivalent t o previous 
^ s o l u t i o n . 
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